8bis
Nontrivial fundamental groups

“One of the advantages of the category of nilpotent
spaces over that of simply-connected spaces is that it
is closed under certain constructions.”

E. Dror-Farjoun

The category of simply-connected spaces is blessed with certain features
that make homotopy theory tractable. In the first place, there is the White-
head Theorem (Theorem 4.5) that tells us when a mapping of spaces of the
homotopy type of CW-complexes is a homotopy equivalence—the necessary
condition that the mapping induces anisomorphism of integral homology groups
is also sufficient. Secondly, the Postnikov tower of a simply-connected space
is a tower of principal fibrations pulled back via thdénvariants of the space
(Theorem §'S.37). This makes cohomological obstruction theory accessible,
if not computable ([Brown, E57], [Scm90], [Sergeraert94]). Furthermore,
the system of local coefficients that arises in the description ofstherm of
the Leray-Serre spectral sequence is simple when the base space of a fibration
is simply-connected, and the cohomology Eilenberg-Moore spectral sequence
converges strongly for a fibration pulled back from such a fibration.

A defect of the category of simply-connected spaces is the fact that certain
constructions do not stay in the category. The dishearteningly simple example
is the based loop space functor-(K, z) is simply-connected (X, =) need
notbe. Furthermore, the graded group-valued functor, the homotopy groups of a
space, does not always distinguish distinct homotopy types of spaces that are not
simply-connected. A classic example is the pair of spatgs- RP?™ x 527
and X, = S§?™ x R P?"; the homotopy groups in each degieare abstractly
isomorphics, (X7) = 7 (X2). Ifwe had principal Postnikov towers, we could
use the abstract isomorphisms to try to build a weak homotopy equivalence.
However, the cohomology rings ovélh “know” that X; is not homotopy
equivalent taX,.

In this chapter we introduce the larger category of nilpotent spaces. These
spaces enjoy some of the besthomotopy-theoretic properties of simply-connected
spaces, like a Whitehead theorem ([Dror71]) and reasonable Postnikov towers.
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Furthermore, this category is closed under many constructions such as the for-
mation of function spaces. Group-theoretic functors, like localization and com-
pletion, have topological extensions in this category. A subtler result related
to nilpotent spaces is due to [Dwyer74] who showed that the Eilenberg-Moore
spectral sequence for the fibre of a fibration converges strongly if and only if
the action ofr (B) on H;(F’; A) is nilpotent for alli > 0 (Theorem 8is 29).

In §8b'5.1, we discuss the various actions of a nontrivial fundamental group.
The action of a group on a module leads to a right exact functor, the coinvariants
of the group action, whose left-derived functors are the homology groups of a
group. This theory is developed brieﬂyﬁﬁb's.z with an eye to its application
to nilpotent spaces. In particular, we construct the Lyndon-Hochschild-Serre
spectral sequence associated to a group extension, and the Cartan-Leray spectral
sequence associated to a group acting freely and properly on a space.

With these tools in place we study the category of nilpotent groups and
spaces ir’§8b'5.3. Wefirst prove the generalized Whitehead Theorem of [Dror71].
We then discuss the Postnikov tower of a nilpotent space. This tower character-
izes such spaces and provides a tool for making new spaces such as the localiza-
tion of a spacala[Sullivan71]. Cosimplicial methods offer a functorial route to
localization and we give a short survey of the foundational work of [Bousfield-
Kan72]. We also prove Dwyer’s convergence theorem for the Eilenberg-Moore
spectral sequence. The (co)simplicial constructions described here have proved
to be fundamental in homotopy theory. We end with a theorem of [Dror73] that,
for connected spaces, any homotopy type can be approximated up to homology
equivalence by a tower of nilpotent spaces.

£8Ps1 Actions of the fundamental group

We begin with a small digression. L@, e, ;1) denote a topological group
with identity element and writeg - h for u(g, k). Itis an elementary fact that
mo(G) is a group with multiplication induced by. There is an action of
mo(G) onm, (G, e) defined as follows: 1§ € [g] € mo(G) is a point in a path
component of7 anda: (S™,e1) — (G, e) represents a clasa] in «,, (G, e),
consider

g-a-g ' (8" e1) — (G,e), definedbyg-a-g ' (z) =g-a(z)-g

When we vary the choice gfin [g] or the choice of representative fler], we
get homotopic maps and so this recipe determines a pairing

70(G) X TG, €) — 7 (Gre), (gl ) — [g-a-g7"].

Since the multiplication om(G) is determined byg] - [] = [g - h], we have
vn(lg] - [, [e]) = va(lg], [R] - [@]). Furthermore, the addition on,(G,e)

agrees with the operation induced pyand so we have,,([g], [] + [0]) =

vn([g], [@]) + vn(lg], [6]). Thusm, (G, e) is a module over the groug (G).
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When(X, z() is a pointed space of the homotopy type of a countable CW-
complex, [Milnor56] showed how to replace the based loop SPECE, )
with a topological group. In this case we writ§ = v, : m(Q(X, 7)) x
Tn—1(Q(X, 20)) — m—1(2(X, z0)) and we have proved the following theo-
rem.

Theorem 81. Given a connected, pointed spaC¥, z), for eachn > 1,
(X, xg) is @ module overr; (X, z) via the pairing

Up: (X, 20) X o (X, 29) — (X, 20).

Furthermore, whem = 1, 71 (X, z() acts on itself by conjugation, that is,
71 ([w], [N]) = [w] - [\] - [w] ™! = [w* A * w™!] wherex denotes composition of
paths.

In our discussion of the failure of the homotopy groups to distinguish the
pair of space®P?™ x S§2" andS?™ x RP?", we only used the observation
that, for allk, m,(RP?™ x §?7) = 7 (RP?™ x $?™), as groups They differ
asmi-modules. It is a consequence of the interpretation of the action of the
fundamental group as deck transformations that= Z/27Z acts nontrivially
on theZ factor inmy,, (RP?™ x S?") andmy,, (RP?" x S$2™) coming from the
projective space. Since these factorsZo&s nontrivialZ /27Z-modules occur
in different dimensions, the spaces could not be homotopy equivalent, and the
homotopy groups, considered as gragdeemodules, distinguish the spaces as
different.

The fundamental group acts on other groups when we have a fibration

F < E 25 B with connected fibré?. Consider the long exact sequence of
homotopy groups:

% 1%} T

9] " *
c 7Tn(F76) i 7T7L(Eve) p_> Wn(Bap(e)) - ﬂ-n—l(F’e) — .

We can induce an action af= 7 (E, e¢) onm, (B, p(e)) via the composite

~B

vEB . mx m,(B,ple)) ket m1(B,p(e)) x m, (B, p(e)) SN (B, p(e)).

n

Thus we can viewr,, (B, p(e)) as am (E, e)-module and the mapping. as a
module homomorphism. In fact, more is true.

Proposition 2. WhenF — FE L, Bis afibration of connected spaces, the
long exact sequence on homotopy is a long exact sequencgfafe)-modules
and module homomorphisms.

Proor: We first construct the action of = m(E,e) on m,(F,e) here
taken to ber,_1(QF,c.). Leta: (S"7 1 é1) — (QF,c.) represenfa] €
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Tn-1(QF,c.) andw € [w] € 7 (E,e). The action ofr on m,_1(QE, ¢,
associates tfw] and[i o ] the clasg3] = vZ | ([w], [i o a]), wheres (i) =

w* i o a(@) *w™t. The mappindlp: QF — QB takess to

pof() = (pow)*(poioa())*(pow) ™ = (Pow)*cy(e) * (Pow) ™' = (o).

Leth: IxI — Bdenote apointed homotopy betwgers andc, .. Construct
the homotopyH: S"~! x I — QB given by H(i,t)(r) = h(r,t). Thus
H(i,0)(r) = (pow) * ¢pe) * (pow)~!(r) andH (@, 1)(r) = p(e). Consider
the homotopy lifting problem posed by the diagram:

S x {0} —2—— (QE, c.)

H.~ Qp
Sl T — g (QB,CP(G)).

Since(Yp is a fibration, there is a liftingd: S*~' x I — (QE, c.) with
H(@,0)(r) = B(@)(r). Becausep o H = H, the mapping? (@)(r) =
H(i,1)(r) determines a loop ifi. We define the action of onm,,_1 (Q2F, ¢.)
to be the rule that associatg®] to [w] € 7 and[a] € m,—1(QF,c.). By
the properties of fibrations this is well-defined and gives a module action. We
denote this action byZF': 7, (E,e) x m,_1(QF, c.) — m,_1(QF, c.).

Notice thati o 3’ ~ 3. Because the cla$s] represents?_, ([w], [i o a]),
we have that, (V24 ([w], [a]) = vE_(Jw],i.([a])) and the homomorphism

n—1 n—1
Ui Tne1(QF, c.) — m—1(QE, c.) is @ homomorphism of-modules. Fur-
thermore, ifjw] = i.([w']) for [w'] € 71 (F,e), theni. (vl ([w'],[a]) =
vy (i ([w']), i ([a])-

Finally, we consider the transgression,, (B, p(e)) — m,—1(F,e). It
is best here to substitute a geometric mappingdorConsider the pullback
diagram: ,

OB—L - F

evy,p PB

q evy

E 5 B.
Hereev,: PB — B is the path-loop fibration. BecaugeB is contractible,
Ee., p has the homotopy type éf andj, = 0. The spacé”,., , isthe subspace
of Ex PBgivenby{(y,\) |y € E,\: I — B, suchthat(0) = p(e), \(1) =
p(y)}. The mapping : QB — E,,, , is given byj(y) = (e,y). The action of
aloopw € [w] € m may be expressed at this level(@sy) — (e, (p ow) * v *
(pow)~t). In the definition of the action of on,, (2B, ¢,)), the mapping
j. takes the class?([w], [a]) to 755 ([w], j.([a])) after the identification of
the fibre withE,,, ,,. Thusj, = 9 is ar-homomorphism.
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After all the relevant identifications are made, we have shown that the long
exact sequence

. * o
o = Tu(Fr€) = T (B, €) — (B, p(e)) — Tu_1(Fye) — -

is an exact sequence nfmodules andr-module homomorphisms. O

In certain cases the, -action is trivial, even forr; a nontrivial group. For
example, ifX is an H-space, we have the following result of [Serre51].

Corollary 8°$3.1f (X, i, e) is an H-space, then the action® of (X, e) on
(X, e) is trivial for all n.

PROOF: Letw € [w] € m(X,e). If a: (S" 71 e1) — (QX,c.) represents a
classinm, (X, e), then consider the homotogy: S"~! x I — (X, c.) given
by H(@,t)(r) = u((cexa(@)*ce)(r), h(r,t)) whereh: I xI — X isapointed
homotopy betweer, andw * c. * w=1. From the definitionH (i,0)(r) =
p((ce x aid) x o) (r), e) ~ a(@)(r) andH (@, 1)(r) = (w* a(@) *w™ 1) (r). It
follows thatvX ; ([w], [a]) = [a]. O

This result extends the fact that the fundamental group of an H-space is
abelian.

Another rich source of actions of the fundamental group is the notion of
bundles of groups$6.3) over a space. For example, whEn— E — B is
a fibration, thenr; (B, by) acts on the homology afy, , the fibre over,. In
Chapters 5 and 6 the applications of the Leray-Serre spectral sequence involved
simple systems of local coefficients, that is, wheféB, by) acts trivially on
H,;(Fy,; R). When the bundle of groups is not simple, then Beterm of the
spectral sequence need not be a product, even for field coefficients. In the next
proposition we give the first case of such a difference. The furictér) on
m-modules defined in the proposition is the first of a family described fully in
Definition &15.17.

Proposition &$4. Suppos¢ is a bundle of abelian groups over a pointed, path-
connected spaceX, o) andGy = G.,. ThenHy(X;G) = Go/T2Gy, where
I'2@G, is the subgroup of/, generated by all elements of the fofaj - g — ¢
with [o] € m = m1(X, z) andg € Gy.

PRrooOF: Consider the mapping: Go — Ho(X;G) given byg — g ® xg.

Suppose thaty € [a] € 71 (X,z0). Then we associate t9 € G, and
a: (A1,0AY) — (X, z0) the elemeny ® o in C1(X;G). The boundary
of g ® «is given by the formula i5.3:

(g ® a) = hla™(9) ® a(1) — g ® a(0) = (h[a"](g) — g) ® @o.
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Sincea andg were arbitrary, we see thattakesI'2Gy to 0 and so induces a
homomorphismp: Go/T2Go — Ho(X;G).

To show thatp is an isomorphism, we describe its inverse. Suppose
Hy(X;G). We can write

u=3y ~ gi®zi+Bo(X;G).

Let\;: [0,1] — X denote a path iX joining x to z;. Then we have the iso-
morphismi[\;]: G, — G foreachi. We defing): Ho(X;G) — Go/T2Gy

by
o (X g @i+ Bo(X:9) =" A

To see that) is well-defined, we notice that takes boundaries to zero—let
hla=Y(g9) ® a(1) — g ® (0) denote a generator &, (X; G). The homomor-
phismz) applied to such an element giveg3;|(h[a=1](g)) — h[Bo](g) where
0; is a path inX starting atro and ending atv(¢). There is a loop based ag
given by, * o * 5, and

hlBo * ax By ) (R[] (hla")(9)) — h[Bo](9))
= h[Bol(g) — hlBo * o B (R [Bol(9)),

which is an element of 2G,,. Sincel'2G, is closed under the action of
(X, xo), ¢ takesBy(X; G) to zero.

We must account for the choices made in the constructian df \; and
u; are paths joiningeg to z;, then we comparé|\;](g;) and h[u;](g;), the
images ofg; ® x; with respect to the different paths. The difference between
these values can be rewritten

h[XiJ(gi) — hlpil(gi) = hlpi * A7 ThIN = py (R[N (96) — Bl (gi)
= Rlpi % A7 (B * iy (BN (90) — R[N (93)),

which is an element iir2 G. Thusy is well-defined and the inverse of O

By Theorem 5.1, it follows for an arbitrary fibration with path-connected
base and connectedfibile,— FE — B, thatthe associated Leray-Serre spectral
sequence haB? , = H,(F;k)/T2H.(F;k) as the leftmost column of th&?2-
term. Though this seems to put us in murkier waters, we can still see our way
to deep results in homotopy theory by studying abstractly the action of groups
on abelian groups.

£8°S2 Homology of groups

If = denotes a group andl/ a module over a ring?, then we say that
7w acts on M, or M is aw-module, if there is a homomorphism: 7 —
Autr(M), whereAutr (M) is the group ofR-linear isomorphisms ol to
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itself. More generallyyr acts on a groupy if there is a homomorphism: © —
Aut(G). To study modules over a groupwe introduce the homology of
groups, a homological functor analogousTior. The homology groups of a
groupr with coefficients in ar-module)M satisfy the axioms for the left-derived
functors ([Cartan-Eilenberg56]) of the functor that associatesitorendule M
its coinvariants,

( Vo: M +— M, = M/T2M.

Herel'2 M is the submodule af/ generated by elements of the fornm — m
wherea € m andm € M. (More generally, ifG is a nhonabelian group acted
on by, let I'2G be the normal subgroup generated by elements of the form
(ag)g~1'.) Sinceb(am—m) = (bab~!)brm—bm,'2 M isar-module. Thus a-
equivariant module homomorphism induces a homomorphism on coinvariants.
The induced action of on M, is trivial. In fact, M, may be characterized
as thelargestquotient of M on which acts trivially. By ‘largest’ quotient
we mean that, if\/ /M’ is another quotient ol by ar-submoduleM’ and
7 acts trivially onM/M’, thenT2M < M’ and there is an epimorphism
M/T2M — M/M'.

To see that the functdr ). is right exact, we give another expression for
M., whenM is ar-module.

Lemma &#'S5.LetZ denote the ring of integers, taken as a trivial rightmodule.
If M isaw-module, thed,, = Z®z, M, whereZzr denotes the integral group
ring of .

Proor: Recall thatZ ®y, M is defined as the cokernel in the sequence

YPR1-1®¢
ZRITOM ————— Z QM — 7Z Qpr M — 0,

wherep: Z®Zn — Zisthetrivial rightaction ofr onZ, and: Zn@M — M
is the left action ofr on M. In this case® = ®z and so the sequence becomes

Tr @M -5 M — 7 &g M — 0,

wheren(a ® m) = m — am. ThUSZ ®z, M = M/imn = M/T2M. O

The lemma implies that ). is a right exact functor Sincg ®z, ( ) is
right exact.

Definition 8°$6. Thehomology of a groupn with coefficients in a (left) 7-
module M is defined by

H;(m, M) = Tor”™(Z, M).

We write H; () for H;(w, Z) whenZ is the trivial leftr-module.
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To compute group homology we introduce a convenient functorial resolu-
tion. LetB,, denote the free abelian group @n+ 1)-tuples of elements af.
ThenB,, is a rightr-module with ther-diagonal action

(zo,... ,xn)a = (zoa,...,Tpa).
As aZr-module,B,, is free on thosén + 1)-tuples with last entry 1. Consider
the complex

) ) o d ) e
+-—B,—By,.1——DBy—bB —=Zn —>7Z—0
whered = >°.(—1)'d; andd;(zo, ... ,2n) = (T0,... ,Tis... ,2p); € iS the
usual group ring augmentation given by» . n;a;) = >, n;. This complex
is exact since there is the contracting homotopy defined(ly, ... ,z,) =
(1,z0,...,z,) ands(1) = 1. To make the fre&r-module structure evident,
we introduce thdar notation for generators ovefr: Forn =0, [ | =1, and
forn > 0,

[331 | | xn] - (1‘1.1'2"'1)7“ ToX3 Ty «ovoy In—1Tn, Tn, 1) S Bn

The differentiald can be rewritten a8 = »_.(—1)"d; where

[$2||£I}n], for: =0,
di(fer |- |zn]) =% [z1 ] | @iy | i1 |-+ | zn), fOro<i<mn,
[z1 |- | Tp1]2n, fori = n.

This is the familiarbar construction on = that gives a functorial free right
Zm-module resolution of the trivial modulg.

Although itis large, the bar construction can still be used to prove structure
results.

Proposition &S7.1f 7 is a finite group of ordefr| and M is a7-module, then
every element off;(w, M) for « > 0 has order a divisor ofr|.

Proor: Consider ther-module homomorphisms: B,, — B,,;1, given on
generators by ([z1 | -+« | z,]) = Zy enfy| x| | z,). We show that
dos+so0d=|n|id:

dos(ar |- e)) =0 (X _lylar|-|wal)
= > Dy @ | )

LA EREN D SR R PA R PR
e (C)y [ | || o)
o (1) y @ | 2nealen

=mllzy [ [ 2n] —s0 (21 |- [ zn]).
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We have used the fact that [yz1 | za | - - | zn] = Dy | a2 | - | an). If
yem ye™
> il@1y [+ | zy5] ® m; represents a homology classhh, (r, M), then
8os<2j[xlj |- [ @] ®mj) = \7T|Zj[ff1j | [ @ng] @ my
and so|w| times any homology class if,, (7, M) is zero. O

Particular groups may have smaller resolutions.ser Z/mZ, the cyclic
group of ordenmn, there is a very small resolution:Létenote a generator of
m, thought of as a multiplicative group. L&t; denote the fre€r-module on
a single generatap;. There is an acyclic complex

N T T N T €
=Wy —m Wopoy — - —= Wy — W) — Wy —Z —0

whereT (way,—1) = tway,—o—wan—o (trace), andV (wey, ) = wap—_1+twop_1+
<o+ + t™~ Ly, 4 (norm). This resolution allows us to computg (7,/mZ7)
immediately from the complel/, ®7.. Z which takes the form

Xm 0 Xm 0 Xm
L=V —— T — U — T

ThusHy;1(Z/mZ) = {0} and Ho; (Z/mZ) = Z,/mZ for all i > 0.
We close this discussion with a useful lemma.

Lemma &8.1f M is a free leftZr-module, therf; (7, M) = {0} fori > 0
andHy(w, M) = M,. If M is a trivial left Zz-module that is free ovék, then

ProoF: The assertion about a free module follows simply from the properties
of Torf”(z, M). For trivial modules we can writB, ®z, M = (Be)r @ M
and the result follows. O

The Cartan-Leray spectral sequence

Suppos€ X, z) is a connected, pointed space on whiajreup 7 acts
freely and properly, that is,
(1) forallz € X, the subgroufi7,, = {g € G | gz = z} is trivial;
(2) every pointz € X has a neighborhootl such thatyU N U = ( for all
gem g# 1
Forexample, if X, ) is a connected, locally simply-connected space, then the
fundamental groupy = 71 (X, ) acts freely and properly QN the universal
covering space ok .
Supposer acts freely and properly oA. For any abelian groug, it is
a classical result that, (X /m; G) = C.(X; G)~, whereC,( ; G) denotes the
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singular chains with coefficients & andC., (X; G) is ar-module by viewing
eacha € m as a mapping: X — X. Moreover,C;(X) = C;(X;Z) is afree
Zm-module for alli.

Let F, — Z — 0 denote a free, rightZr-module resolution of. as a
trivial m-module. Consider the double compléx.. given by

prq = F), ®zr Cq(X)v Or ®1+ (—1)q1 ® Jx.

When we filterC, . row-wise, we getE? | = F, ®z, Cp(X), d° = 0p ® 1,
which is the complex computingl. (, C,(X)). However,C,(X) is a free
Zm-module and so thés!-term is concentrated in the 0-column where we
find Hy(m,Cp(X)) = Cp(X)r = Cp(X/m). By the appropriate version of
Theorem 2.15¢' = 1 ®, Ox = Jx/~ and so the spectral sequence collapses
atE? to H,(X /7).

When we filter byC, . column-wise, we geEZO,’* = F, Qz. Cu(X),
d’ = 1® dx. Viewing F), as an extended module of the foifp = A, @ Zx
with A, a free abelian group, we get the identification

Fp ®pr Cu(X) = Ay © Ci(X)

andsok) , = A, ® H,(X) = F, ®z. H.(X). This is the complex computing
H.(m, H.(X)) and so we have proved the following result of [Cartan-Leray49].

Theorem &9 (the Cartan-Leray spectral sequencH)X is aconnected space
on which the groupr acts freely and properly, then there is a spectral sequence
of first quadrant, homological type, with

Eza,q = Hp(m, Hy(X))
and converging strongly té&l,. (X /7).

More generally, we can use homology with coefficients in an abelian group
G taken as a trivialr-module. For the case of the fundamental group acting on
the universal cover, the spectral sequencefias = H(, H,(X)), where
7 = 71 (X, zo) and converges td,. (X). From this spectral sequence we prove
a theorem that relates the fundamental group and its homology groups to the
higher homology and homotopy groups of a space. The case-of was first
proved by [Hopf42] using other methods. This paper launched the study of the
homology and cohomology of groups.

Theorem 810. Suppose X, z,) is a connected, locally simply-connected
space whose universal covering spacisn-connected. Let denoter; (X, zo).
Then there are isomorphisni$;(X) = H,(x) for 1 < i < n, and an exact
sequence

Hpi2(X) — Hpyo(m) — (Hpy1(X))r — Hyg1 (X) — Hyqa(m) — 0.
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PRrROOF: Since H;(X) = {0} for 1 < i < n, we have a big hole in the
Cartan-Leray spectral sequence converging/t¢X ). The theorem follows
from interpreting the lowest degree information. The isomorphi&h{sY) =
H;(X/m) = Hy(x) for 1 < i < n follow because there are no differentials
involved. The first place there is a possible differentiadis: E2 , , —
E3 .41 This leads to the following short exact sequences:

Hpy2(X) = Efa0 — 0
dn+1 -

0— E730+2,0 — Hpyo(m) —— (Hpy1(X))r — E(()),On+1 —0

0— Eg,on+1 — Hp1(X) — 33-1,0 — 0.

Splicing these sequences together (as in Example 5.D) and substifitingr)
for B2, o = B, o we get the desired exact sequence. O

Sincen;(X) = m;(X) for i > 2, we can substituter,, 1 (X) for the
term in the middle of the exact sequence of Theoréf B0 by the Hurewicz
theorem. There is a natural epimorphism of-anodule onto its coinvariants,
SO we can truncate the short exact sequence to obtain another exact sequence

Tn41(X) = Hpi1(X) — Hpya(m) — 0.

Whenn = 1, there is no restriction oX except that it have a universal
covering space. We conclude from the theorem #igtX) = H,(7) and so
Hy(m) = «/[n, ] follows from Poincae’s classical isomorphism. We also get
the short exact sequence of Hopf

ma(X) — Ha(X) — Hy(n) — 0.

For anaspherical spacethat is, a spac& whose universal cover has
trivial higher homotopy groups, the integral homologyofs determined by its
fundamental groupi; (X) = H,(m (X, xo)) for all i. Examples of aspherical
spaces are the Eilenberg-Mac Lane spdcés, 1). The study of the homology
of groups was one of the motivations for [Eilenberg-Mac Lane53] to introduce
the space&(, n). [Kan-Thurston76] reversed the process of studying groups
using spaces by showing that for any pointed, connected gpécea,) there
is a groupGX and a mappingx : K(GX,1) — X that induces an integral
homology isomorphism.

Using the same filtration that leads to the Cartan-Leray spectral sequence,
we can investigate systems of local coefficients further. In particulatXfar
connected space agda system of groups aif, we restrict our attention to the
reduced homology. Consider the group of the reduced clﬁj(ﬁ; G) given
by sums of expressions? u whereu: (A9, (A9)0) — (X, z¢) andg € G,
where the singular simplex sends all its vertices to the basepaigt andg
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lies in the group over the basepoint. By the properties of homology groups with
coefficients, the study off,(X; G) may be carried out using.(X;G). We
guote here a result of [Eilenberg47] and refer the reader to [Whitehead, GW78,
VI1.3] for a proof.

Theorem 8S11.1f (X, z) is a pointed, path-connected space #&hd bundle

of groups overX, thenH,(X; G) is isomorphic to the homology of the complex
Go®.C.(X)whereGy = G, 7 = 71 (X, 29) andX is the universal covering
space ofX together with its action of.

The proof follows by a direct comparison. We note a useful corollary.
SinceX is one-connected, the complék (X) up to degree two is acyclic and
free overr. Thus we could use this complex as part of a free resolutidh of
overr and so identifyH, (X; G) with H, (7 (X); Go). This extends Propo-
sition &S.4 and the identification of homology groups with local coefficients
to includeq = 1. The homology of the comple&, ®, C,(X) was termed
the equivariant homology of X by [Eilenberg47] and it represents one of the

basic functors in the study of equivariant homotopy theory.

The Lyndon-Hochschild-Serre spectral sequence

The Leray-Serre spectral sequence expresses the relation between the total
space of a fibration and its base and fibre. In the realm of groups, a “fibration”
is an extension of the form

1-H—-o1m—Q—1,

whereH is normal inm and@ = «/H. The “total space’r is the extension

of the “base”@ and “fibre” H. There is a corresponding spectral sequence

relating the homology of a group to a normal subgroup and associated quotient.
To describe the spectral sequence we observe that the quotient@roup

acts on the homology off. Let F, 5.7 - 0be afree rightZr-module
resolution ofZ. Then it is also a free right.HH-module resolution. If\/ is

a left T-module, it likewise is a left7-module by restriction. Iy € =, then
define(g).: Fo @z M — Fy @z M by (9)«(x @ m) = zg ' @ gm. It
follows formally that(g). commutes with the differential oA, ®zy M and

S0 (g). induces a homomorphis)..: H.(H, M) — H.(H,M). From the
definition of the tensor product ovétH, (h), = id for all h € H and so

this action ofr on H..(H, M) induces an action of /H on H,(H, M). With

this bit of structure in place we construct a spectral sequence associated to an
extension of groups.
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Theorem 812 (the Lyndon-Hochschild-Serre spectral sequencéet1l —
H — © — @ — 1 be a group extension. Suppo&é is a module overtr.
Then there is a first quadrant spectral sequence with

Ez%,q = HP(Qa HQ(H? M))7
and converging strongly tél, (r, M).

Proor: We begin with some elementary algebraic observations. When we
take the coinvariants ofa&moduleM with respect to the action df , we make
the action ofH trivial on M. Thusr/H acts onMy by gH - (m +12%,M) =
gm~+T% M, wherel'%, M is the submodule o/ generated by elemenftsn—m
for h € H andm € M.

We next consider the coinvariants df; via the@ = n/H action and
prove the following formula:

(MH)Q =~ M,.

This follows from the relatioZ.Q) ®z, M = My by using the isomorphism
7 Qpr M 2 7. Qgq 70Q Qur M.

Consider the mapping: My — ZQ Qz. M givenbym — 1®@m. Since
1om=1®h 'hm =1-h® hm = 1® hm, we see thap is defined on
My . Aninverse tag is the mapping): gH ® m — gm + I'4 M. Thaty is
well-defined follows from the fact that/ is a@)-module.

We put these elementary observations to work and supposéhat
Z — 0 is a free, right,Zr-module resolution ofZ. Consider the complex
computingH.,(w, M), that is,F, ®z. M. SinceF, ®z M is aZr-module by
the diagonal actiony(: (z ® m) = zg~! ® gm), it is a simple exercise to show
that

(FQ®ZM)7T gFa@Zﬂ'Ma

and soF, Qzx M = ((Fe @ M)H)g-

We also have thall (F, ®zy M) = H.(H, M). We want to compute the
coinvariants of the action ad on these homology groups. L&} — Z — 0
be a free righZQ-module resolution of.. Form the double complex

C.* :F. ®ZQ (F* ®M)H7
whereQ acts on(F. ® M)y by the diagonal action. When we filter column-
wise, we get the compleis @z (F, @z M), d ® 1). However, treating,

as an extendedr-module (on the left via the antiautomorphignm— ¢g—! on
Zm), we can writeF, = Zr ® A, for some freeZ-moduleA,. It follows that

F,eu M =Z@zu (FyM)=ZQzu (Zt A, QM) =ZQ A, @ M,
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becauséZn)y = ZQ. Thus we haveEl , = F, @7 ZQ ® A, ® M and so
E! = Hy(Q,(F; @z M)) = {0} if p> 0andifp = 0 Ej , is isomorphic
to (Fy @z M)q = (Fy ®zx M). ThusEj , = H.(w, M), and the double
complex has total homology given @, (r, M).

When we filter row-wise, we hav&?, = F, ®z¢ (F. ®z5 M) and
d° = 1 ® d. We argue similarly and Writeﬁp as an extended rightQ-
module, A, ® ZQ, to getES, = A, @ (F, ®zy M), d* = 1 ® d and so
El, = A, ® H(H,M) = F, ®3¢ H.(H,M) andd' = d® 1. Thus

Ef = Hy(Q, Hy(H, M)). O

The first calculations of some of the relations implied by this spectral se-
guence appeared in Chicago Ph.D. thesis of [Lyndon48] without the benefit of
the structure made apparent in the work of [Leray46]. The cohomology version
of the spectral sequence of TheoreWPaL2 first appeared in the Comptes Ren-
dues note of [Serre50]. [Hochschild-Serre53] introduced the spectral sequence
of Theorem 8'S.12 along with a formalism that allowed analogous construc-
tions for Lie algebras. Their work was based on a different filtration on the
cochain complex whose homology gives the cohomology of a group. Another
point of view that gives rise to this spectral sequence is due to [Grothendieck57].
The composition of functors spectral sequence (see Chapter 11) for the com-
position of the coinvariants of thH action followed by the coinvariants of the
w/ H action gives another construction of the Lyndon-Hochschild-Serre spectral
sequence. The fact that these alternative constructions give isomorphic spectral
sequences from thB,-term is due to [Beyl81].

A simple example of the use of the spectral sequence is the case of the
extension associated to a Sylpvwsubgroup when it is normal in a finite group.

Proposition &$13. Supposer is a finite group andP is a normal Sylowp-
subgroup. Then

Hi(ﬂ-’Fp) = Hi(P’ FP)Q7

wherer acts onfF,, trivially and @ = «/P.

ProoF: The spectral sequence associated to the extensienP — 7= —
Q@ — 1 hasE>-term given byE?2 | =~ H,(Q, H,(P,[F,,)). Since the order of
Q is relatively prime top andp times any element i, (P,F,) is zero, we
conclude from Proposition®$.7 thatE; = {0} for p > 0. Thus the spectral
sequence collapses to a single column giverﬂéx = H,(P,Fp)o and the
result follows. O

We next consider the “lower left-hand corner” of the spectral sequence.
Theorems B'S.14 and 81S.16 were first obtained by [Stallings65] and [Stamm-
bach66].
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Theorem &$14.To an extension of groups— H — © — Q — 1, there is
an exact sequence

Hy(m) — Hy(Q) — H/[m, H] — Hi(r) — Hi(Q) — 0.

Proor: This is simply the five-term exact sequence from splicing together the
differential d* with the associated graded filtration f&f (7) (Example 1.1) as
in the diagram:

Hy(m) 0
L \
0 E3% E3, d Eg,l\ Egy 0
| I [N
0 H(Q) (Hy(H))q Hy ()

|

EY, —— H1(Q)
|
0

To complete the proof we make the identificatidh (H))o = H/ [, H].
Recall thatf, (H) = H/[H, H] and that) acts on this group by conjugation.
The conjugation action of on itself has coinvariants/[r, 7] = H;(w) and
it is the residue of this action that remains @sacts onH;(H). The Q-
coinvariants of the conjugation action éfy[H, H| are given byH /[w, H] and
so the theorem is proved. O

To extend this theorem further we recall the lower central series of a
group—a version of this series will play an important role in the study of
nilpotent groups and spaces.

Definition 8°S15. Let = denote a group. Thiwer central seriesof 7 is the
family of subgroups defined inductively,

.CcIMrcI™nc...cT?rcCr
Mr = [, 7], "1 = [r, 7 a].
To the lower central series af we associate theompletion of 7:

7 =limn /T 7.

—7r

We can extend the lower central series to higher ordinals by l€tttag=
[7,TF7] whena = 3 + 1 andl'*r = (,_,, I'P= whena is a limit ordinal.
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Theorem 8$16. Suppose: 7 — 7’ is a homomorphism of groups that in-
duces an isomorphisri; (¢): Hy(r) — Hi(x') and a surjectionHz(¢):

Hy (1) — Ho (7). Then the induced mapping: 7/I"n — «'/T"x’ is an
isomorphism for all positive integers Furthermore ¢ induces anisomorphism
of completions): 7 — 7.

Proor: We work by induction. We lel''7 = = andT''n’ = #/, and so
the induction begins trivially. Next consider the extenslon> I'"'m — 7 —
7/T"n — 1 and similarly forr’. By Theorem 8iS.14 we have short exact
sequences

Hy(n) — Hay(w/T"n) — T 7 /[m, T ] — Hy(w) — Hy(w/T"7) — 0

s

o b o

Hy(r'") = Ho(n' /T 7" = T /|7, D" 7’| = Hi(7') - Hi (7' /T"7") = 0
The induction hypothesis together with the Five-lemma impliesdtiatuces
anisomorphisni” /[r,I'"7] — I'"n’ /[x', T"x']. Furthermore, by definition,
"7 /[m, T"x] = " /T" 17, and so there is a short exact sequence

1 =T"n/T™ My — /T — /T — 1

and similarly forz’. The homomorphisng induces a morphism of short ex-
act sequences and the Five-lemma implies thatduces an isomorphism of
7 /T i with o/ /T 7/, O

Applications of the Lyndon-Hochschild-Serre spectral sequence abound.
We refer the reader to the book-length treatments of the cohomology of groups
by [Brown, K82], [Evens93], [Weibel94], [Thomas86], [Benson91], and [Adem-
Milgram94] for more of the algebraic details, applications, and structure of this
spectral sequence. [Huebschmann81, 91] has studied the differentials in the
cohomology Lyndon-Hochschild-Serre spectral sequence and made successful
use of this information to compute the cohomology of some important classes
of groups. Some of the exercises at the end of the chapter expose the algebraic
possibilities afforded by this tool.

683 Nilpotent spaces and groups

When a group fails to be abelian, the lower central series is a composition
series whose consecutive quotients are abelian. One direction to generalize the
category of abelian groups is to consider groups whose lower central series is
bounded in length. A group is said to benilpotent of nilpotence classc if
c = max{r | ['"n # {1}} is finite. ThusI'*t*7 = [r, TetF~17] = {1} for
k>1.

If we view 7 as a group on which acts by conjugation, ther?r = [r, 7
is the smallest normal subgroup for which the quotient has an induced trivial
action. We generalize this idea to the action of a groum a modulel .
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Definition 8°$17. Thelower central seriesassociated to the action of a group
7 on a moduleV/ is the series of submodules

.M cTi'Mc---cT2McM

whereT'2 M is the Zzr-submodule of\/ generated by elements of the form
am —mfora € mandm € M, andl'” M = T'2(T"~1M). We say thatr acts
nilpotently on M of nilpotence class: if ¢ = max{r | TLM # {0}} is finite.

To a group or to a group action on a module, we associate various com-
pletion functors:

o~

7 =lim7 /I, M =lim M/T'. M.

By the universal property of the inverse limit there are canonical homomor-
phismsi: 7 — 7w andi: M — M. Define

r =X%ker(i: # — 7) I'>°M = ker(i: M—>]\//.7)
I 7= coker(i: m — 7) I'_M = coker(i: M — M).

By Lemma 3.10['>°M = (. 'L M.

Notice that, for a nilpotent group or nilpotent group actibis,an isomor-
phism and the functorB> andI'._ vanish. Before turning to some examples,
we introduce one more functor. A submodweof a 7-module M is said to
n-perfectif T2 N = N. If we take the familyP,, of all r-perfect submodules
of M, then we can define

I'M = submodule generated by the union of the farfiily.

We leave it to the reader to show tHad/ is alsor-perfect;I"M is themax-
imal w-perfect submoduleof M as it contains alir-perfect submodules. By
construction['M C I'°M.

A nice example of a nonnilpotent group action is given by our example
T, (S?™ x RP?"). Here the generator af; (S?™ x RP?") = 7,/27 acts orZ
by 1 — —1. The lower central series for this action is seen to be

7 C Y- C2ZC

and so the action is nonnilpotent. The completiorf¥aé the group oR-adic
integers'77,,7Z = {0} =T'Z. Notice thatl",_Z is an uncountable group.

If M is a module over the group, then we develop another expression
for the terms in the lower central series fof. Let /7 denote the kernel of the

augmentation: Zmr — Z, given bye(3_ .. ng9) = >, Ng-
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Lemma &18.12 M = Ir- M, thatis,I'2 M is the submodule d¥/ generated
by expressions of the formm with x € Imandm € M.

PROOF: Sincel'2 M is the submodule af/ generated byim —m witha €
andm € M, we can write

am—m=(a—1)m € Ir- M.

ThusT2M C Ir- M. To obtain the reverse inclusion, take any element
a=3,c,NgginZmandconsidep. . ngg—>_ .. nyl. Thisisanelement
in I7. For any elementr in M we can now write

(deﬂng(g - 1)) em = deﬂng(gm —m) eT2M.

It remains to show that every element bf has the formy_ . ng(g — 1).
To see this, writer = 3., 149 = nil+ > cq o1 1gg- Whena € I,
dewﬂ ngy = —n1, and sowe canwrite = ZQEW# ngg—zgeﬂ’g?ﬁ1 ngl.
ThusIm-M CT2M. o

Corollary 8$19.1f 0 — K — M — Q — 0 is a short exact sequence of
m-modules andr-module homomorphisms, théii is a nilpotentr-module if
and only if K and @ are.

We next introduce the topological category of interest.

Definition 8$20.A pointed connected CW-compleX, z, ) is said to benilpo-
tent if 1 (X, z0) is a nilpotent group that acts nilpotently an, (X, ) for all
n > 2.

The category of all nilpotent spaces together with continuous mappings
contains all simply-connected spaces, all H-spaces (Corolrﬂ?ﬁ& and the
Eilenberg-Mac Lane spacé$(r, 1) for 7 nilpotent. As we will soon see, this
category is also closed under certain constructions of importance in homotopy
theory.

There are spaces that are not nilpotent. Some general constructions are
possible: (1) closed surfaces of genus greater than one; (2) the wedge product
X VY of any two non-simply connected spacésandY’; (3) if X has funda-
mental groupr and there is an epimorphism— G with G finite andG acts
nontrivially on the rational homology of the covering spac&aorresponding
to the kernel ofr — G, thenX is not nilpotent.

We begin our investigation of some of these constructions with a useful
analogue of Corollary'8S.19.
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Proposition 821. If F — E - B is a fibration with F' connected and?
nilpotent, thent is nilpotent.

Proor: We can apply Lemma 5,18 inductively to show that” M =
(I7)"=* . M. Suppose that the nilpotence classmf E) as a module over
7 =m(E)isc. Thenl'¢Hr, (E) = {0}, and so(I7)¢ - 7, (E) = {0}.

Suppose that € 71 (F) anda € 7, (F) forn > 2. Thenw-a = (i,w) -«
in terms of ther; (E')-module structure om,, (F'). Suppose that € (Ix)e.
Sincei, is am (E)-module homomorphism, (w - a) = (i.w) - (i.a) = 0.
Thusw - o = 9 for somefs € m,.1(B). Suppose thay € =1 (F). Then
ivn € 1 (F) and

O((ixn = 1) - ) = (ixn = 1)(0P) = (ixn = N(w - a) = (n = 1)(w - a).

Howeverr (E) acts onr,1(B) viap., and sqi.n—1)-8 = (p«ixn—1)-8 =
—B. Thusn - w - a = 0. This shows thatlm (F))*™! - 7, (F) = {0} and so
the nilpotence class af,,(F') overm (F') is less than or equal 1o+ 1.

Whenn = 1 the argument forr, (F') acting on itself by conjugation is
similar and left to the reader. O

We next present one of the first results on nilpotent spaces, due to [White-
head, GW54] in a paper in which the nilpotence class is related to the Lusternik-
Schnirelmann category (for the purposes of proving the Jacobi identity for the
Whitehead product!).

Theorem 8$22. Supposd A, ay) is a finite, connected, pointed CW-complex
and (X, zg) is a connected, pointed CW-complex. SuppfséA,ag) —
(X,x0) is a fixed pointed map. In the compact-open topology, the space
map;((4,ao), (X, z0)) of pointed maps in the component pfis a nilpo-

tent space. Furthermore, X is nilpotent, then the space of unpointed maps
map (A, X) is nilpotent.

Proor: We proceed by induction. We assume tht), the 0-skeleton of
A, consists of a single pointyy. Then the theorem is seen to be true for
map ¢ ((ao, ao), (X, z0)) andmapf(A(O), X).

k
Consider the cofibratioh/_ﬂS” — A — A(+1) that determines the

addition of cells to the next skeleton. Apply the functesp ;(—, (X, zo)) to
obtain a fibration (seg4.3):

mapj’((A(nJrl)a aO)a (Xv IO)) - mapf|((A(n)7a0)7 (X7 IO))
k
— mapf‘((\/j:lS”,*)’(X7x0)).

By induction, we assume thatap | ((A™), ), (X, z0)) is nilpotent. Propo-
sition &iS.21 finishes the proof. 0
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A generalized Whitehead Theorem

When does a mappinfi: X — Y of connected spaces that induces an
isomorphism of homology groups induce an isomorphism of homotopy groups
here taken as a family of;-modules? An answer to this question would gen-
eralize the Whitehead theorem (Theorem 4.5) to non-simply connected spaces.
The functors introduced to study the action of a group on a module in fact give
the key to the answer. The following theorem of [Dror71] helped to establish
the category of nilpotent spaces as an appropriate category for homotopy theory.

Theorem 8523 (the generalized Whitehead theorentet f: X — Y be a
map of connected pointed spaces such #atf): H.(X) — H.(Y) is an
isomorphism. Then. (f) is also an isomorphism if, in additiorf, satisfies the
three conditions:
(1) T, (f): ker(m(X) — m (X)) — ker(m.(Y) — m.(Y)) is an
epimorphism. - -
(2) T/ m.(f): coker(m(X) — m (X)) — coker(m(Y) — m(Y)) is a
monomorphism.
(3) I'mu(f): T'me(X) — I'mi(Y') is @ monomorphism.

Theorem 818,23 fixes the role of the various limit functors. For example, if
X andY are aspherical spaces ahdX — Y is a map for whicH . (f) is an
isomorphism, theif is a homotopy equivalence. When the funciio}s, I',. and

T all vanish onr, (X), then the completion homomorphism(X) — m.(X)

is an isomorphism and the spakds calledr-complete When a map between
w-complete spaces is a homology isomorphism, it induces an isomorphism of
homotopy groups. All nilpotent spaces are€omplete.

Corollary 8$24.If X andY are connected nilpotent spaces ahdX — Y is

a mapping that induces an isomorphism on integral homology, theduces

an isomorphism of homotopy groups as graded modules over their fundamental
groups.

To prove the theorem we sneak up on it inductively. Bgtdenote the
collection of statements:

1n. m(f): m;(X) — 7;(Y) is an isomorphism of;-modules fol0 < j <
n— 1.

2n. Ho(f): Hy(X) — H,(Y) is an isomorphism andl,, 1 (f) is an epi-
morphism.

3. Tmn(f): I35 (x)™n(X) — I3 (yyma(Y) is an epimorphism.

4. TLomn(f): Tomn(X) — T 7, (Y) is @ monomorphism.

5p. Tmp(f): Tmp(X) — I'my, (V) is @ monomorphism.
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The conditionS; holds by the assumptions of TheoreRiS®23. We claim that

S, implies thatr,, (f) is an isomorphism and hence that,; holds. Proving
this claim gives us the theorem/!Ve first prove that, amginghe statements

1, and 2, imply that 7,,(f): m,(X) — wn(Y) is an isomorphism. This
follows from two remarkable lemmas due to [Dror71], the first of which extends
Theorem §1S.16.

Lemma &'$25. Suppose>: M — M’ is a homomorphism of modules over a
groupm. If Hy(¢): Ho(mw, M) — Ho(mw, M') is an isomorphism and; (¢):
Hy(m,M) — H;(w,M'") is an epimorphism, thes induces an |somorph|sm
M/T"M — M'/TT M’ forall » > 1 and hence, an isomorphism M — M’

of completions.

ProoF: To the short exact sequencemfmodules
0—-T2M — M — M/T2M — 0,
there is a long exact sequence of homology groups, ending with

Hy(m, M) — Hy(7, M/T2M) — Hy(m,T2M)
— Ho(m, M) — Ho(m, M/T2M).

Ho(m, M) = M/T2M, and, sinceM /T2 M has a trivialr-action,
Ho(m, M/T2M) = Hy(r) @ M/T2M = 7Z @ M/T2M = Hy(n, M).

This shows thatthe lasthomomorphismin the exact sequence is the isomorphism
of coinvariantsM, — (M,),. The interesting part of the long exact sequence
becomesd (7, M) — Hy(m, M/T2M) — Ho(m,T2M) — 0

SupposeH(¢): Hy(m,M) — H;(w,M’) is an epimorphism and that
¢ induces an isomorphism: M/T2M — M’'/T2M’. Then we have the
diagram

Hy (, M) ——— H (m, M/T2M) ——— T2 M/T2 (T2 M) ——0

~

Hy(m,M') —— Hy (7, M')T2M') ——T2M'/T2(T2M') —— 0.

The Five-lemma implies an isomorphisiig M//T5M — I'2M'/T3M'. By
the same quotient argument as in the proof of TheorBfi 1%, we see that
¢ induces an isomorphist/ /T3 M — M’'/T3M’. The lemma follows by
applying the same argument inductively. O
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Corollary 826.1f ¢: M — M’ is ar-module homomorphism/ and M’ are
nilpotent, andy induces an isomorphistf,(¢$) and an epimorphisntf; (¢),
thenM and M’ are isomorphic.

The next lemma provides another step in proving the generalized White-
head Theorem.

Lemma &'$27.Suppos€X is a connected space abd(r,, (X),n) — P, X —
P,_1Xis then!" fibration in the Postnikov tower faX . Then there is an exact
sequence, functorial i, given by

Hn+2(PnX) - n+2(Pn—1X) ﬂHl(Wl(X)?Wﬂ(X)) - 7l+1(P7LX)
- n+1(Pn—1X) - (777L(X))7r - Hn(X) — Hn(Pn—lx) — 0

ProoF: The Leray-Serre spectral sequence for this fibratiorfaterm given
by E? , = Hy(P,_1X; Hy(K (7, (X),n)), where the action of = 7,(X) on
m(X) determines the local coefficients. Sindg.; (K (7, (X),n)) = {0} (a
consequence of Lemma 6.2) aAdr,, (X),n) is (n — 1)-connected, we get a
lacunaryE?2-term in bidegreesé, i) for i < n -+ 1—there are only two nonzero
stripes in bidegregs:, 0) and(x, n). As in the derivation of the Gysin sequence
(Example 1.D) we get short exact sequences

dn+1
s} 2 2 s}
0— En+1,0 - En+1,0 —>d"+1 EO,n - Eo,n —0
s} 2 2 s}
0— En+2,0 - En+2,0 - El,n - E1,n —0
oo o0
O—>E0,n —>H"(P7LX) — Lo —0

0— Ef,on — Hyp1 (P X) — Tij-l,o —0
Splicing these together we get

Hy 2 (P X) — Hyq2(Pr—1X) — Hi(Pp—1 X, Hp (K (m0(X), 1))
i 7L+1(PrLX) — H7L+1(P7L—1X) — HO(Pn—lX; HTL(K(W'rL(X))n)))
— H,(P,X) — H,(P,—1X)—0

However, from PropositiontéSA and Theorem™S.10 we know that

(70 (X)), =0,
Hi Pnf XyHn K ns = .
(Pus Xt = { 7V
By the definition of a Postnikov tower, we have tigt (P, X) = H,(X). Fur-
thermore,H,,(X) — H,(P,-1X) because,,(P,,_1X) = E2 , = EX,.
The lemma follows after we make these substitutions in the exact sequence.
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We now complete the proof of Theorerfi823. Suppose that our map
f:+ X — Y satisfies the conditionS,,. Then f induces a map of Postnikov
towers and by naturality of the short exact sequence of Lemti®28 we get
a morphism of exact sequences

Hn+1(PnX) - 7z,+1(Pn—1X) - (WfL(X))W A’Hn(X) A’Hn(Pn—lX) —0

2,.|epi =] Fe 2.

IR

o

Hp1(PY) = Hyp1(Po1Y) = (10 (Y))r — Hp(Y) — Hy(P1Y) — 0.

The leftmost horizontal map is seen to be an epimorphism by considering the
next stage of the Postnikov tower where we h&yg 1 (X) — H,, 11 (P, X),

and similarly forY. SinceH,1(f) is an epimorphism bg,,, we get the

first vertical epimorphism. By the Five-lemma,, (X)) — (7, (Y)), is an
isomorphism. Next consider the other end of the exact sequence:

Hn+2(Pn—1X) - Hl(ﬂ—l(X)»'/TnX) - 7L+1(PnX) g n+1(Pn—1X) - ’/Tn(X)ﬂ

2n.

R

epi

o

~ f

Hn+2(Pn71Y) - Hl(’ﬂ'l(Y),ﬂ'nY) - n+1(PnY) - n+1(Pn71Y) g ﬂ-’ﬂ(y)ﬂ"

The Five-lemma implies that'; (1 (X), m, (X)) — Hi(m1(Y), m,(Y)) is an
epimorphism. By Lemmal¥5.25 we have that,, (f) induces an isomorphism
betweenr,, (X)/I'"m,(X) andr,(Y) /T, (Y) for all » and hence induces

—

an isomorphismr,,(f). Finally we use the remaining conditions ®f.
There are exact sequences of functors given by

0—-TI"°m, »m — 7, = L.m —0

0—TIm, — 7w, — m/T7, — 0.

The Five-lemma and conditiorss,, 4,,, and5,, for 7,,(f) imply thatz,,(f) is
an epimorphism.

To prove thatr,, (f) is @ monomorphism, we usg,, that is,I'r,,(f) is a
monomorphism. We only need to show thgtX /T'r,,(X) — 7, (Y)/I'm,(Y)
is a monomorphism. The lower central series has the propertyfhat C
I'"~'M is always strictly decreasing until it becomes stable. This is because
"M = I'2(I"~1M). We also know thal'M/ C T” M for all r. In fact,
this inclusion extends te, any transfinite ordinal, as follows: # = 6 + 1
are ordinals, then I&E2 M = TI'2(T'2M); if « is a limit ordinal, letFreM =
Np<a TZM. It still follows thatl' M C I'y M for all ordinalsa. But the lower
central series always decreased’sd = I"Y M for some ordinaly. We have
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shown already that,, (X)/T" 7, (X) — 7, (Y) /Tt m,(Y) is an isomorphism
for finite r. Introducing the limit ordinals, we get an isomorphism fo& w
and the argument of Lemm&8.25 works for the higher ordinals. Thus, (f)
induces an isomorphism,, (X)/T'r,(X) — 7,(Y)/I'r,(Y) and so, by the
Five-lemmayr,, (f) is a monomorphism. O

A characterization of nilpotent spaces

In Chapter 4 (Theorem 4.35) we constructed the Postnikov tower of a space
and stated that, for simply-connected spaces, the fibrations in the tower could
be taken to berincipal , thatis, eachy,,: P, X — P,_1X is a pullback of the
path-loop fibration over the Eilenberg-Mac Lane spader,,(X),n + 1) viaa
k-invariant,k™: P, 1 X — K(m,(X),n+ 1):

K(mn(X),n) === K(mn(X),n)

Py X —* L K(mu(X),n+1).

We next give a proof of this property of simply-connected spaces and generalize
it to nilpotent spaces.

Lemma &'528.Let A be a finitely generated abelian group and leand B be

spaces of finite type. A fibratioki(4,n) — E L Bis principal if and only
if it is simple, that is, the action of, (B) on K (A, n) is trivial.

PRroor: Let's assume that: F — B is principal and it is pulled back over
a classifying mag: B — K(A,n + 1). The relevant part of the long exact
sequence of homotopy groups may be written

0 — g1 (B) 2 gt (B) —— mn (K (A, 1)) —— 1 (E) 25 1 (B) — 0

0—mpt1(E) p—*>7rn+1(B) 0—*>7rn+1(K(A,n +1)) = mp(E) — m,(B) — 0.

The action ofr; (B) on A can be identified in the second row with the action
of the fundamental group of the total space of the fibratiam the base space
K(A,n + 1). But this factors through the action of the fundamental group of
K(A,n + 1), which is trivial. Hence, the fibration is simple.
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Suppose nextthat (B) actstriviallyond = H,, (K (A4, n)). Considerthe
cohomology Leray-Serre spectral sequence for the fibration with coefficients in
the abelian groupl. Then,ES"™ =~ H"(K (A, n); A) contains the fundamental
class corresponding to the identity map 67( A, n). SinceK (A, n)is(n—1)-
connected, the first differential to arise ois the transgressiod, 1, and this
gives a classl,,11(2) = [0] € H""(B; A); we can form the pullback over
0: B — K(A,n+ 1). This produces a spadé, together with a mapping
g: E — FEy. Checking the long exact sequence of homotopy groppsjuces
an isomorphism on homotopy, and so, in the category of spaces of the homotopy
type of CW-complexes of finite type, is a homotopy equivalence, apds a
principal fibration. ad

It follows immediately from the lemma that a simply-connected space
has a Postnikov tower of principal fibrations. For an arbitrary specéet
{P,X,pn, frn} denote its Postnikov tower. We say that: P, X — P,,_1 X
admits a principal refinementif there is a sequence of principal fibrations

qc—1

PoX = PpoX —5 ProtX —— oo 25 PuoX o Py X = Py X

with p,, = g2 0 g3 0 --- 0 g.. With this extension of the notion of a principal
fibration, we can now give a characterization of nilpotent spaces.

Theorem 8$29.A spaceX is nilpotentif and only if every stage of its Postnikov
tower admits a principal refinement.

ProoF: Since eachy; is a principal fibration, we can write its classifying
map ash,, ;: P, ;X — K(A, ;,n+1). We proceed by induction. By the
properties of a Postnikov towet,, (P, 1X) = m,(P,—1X) = {0} and so
m1(X) acts trivially (hence nilpotently) om,, (P, 1X). Suppose that;(X)
acts nilpotently onr,, (P, ;—1X) of nilpotency class< j — 1. View the k-
invariantd,, ; as a fibration (up to homotopy) ang: P, ;X — P, ;_1X as
the inclusion of the fibre. By Propositiorp'8.21, m1(X) acts nilpotently on
mn(Pn,; X) of class< j. By induction,r; (X) acts nilpotently o, (P, . X) =
T (PnX) & 7, (X).

Suppose thaX is a nilpotent space and = 71(B). The lower central
series forr,, (X) as ar-module has the form

{0} CTEm,(X) CTS  m(X) € -- - C T2, (X) C mo(X).

By construction each quotient: ., (X)/T't 1, (X) is a trivial 7-module.
Consider the fibratiop,,: P, X — P, _1X. The homology Leray-Serre spec-
tral sequence (Lemma{’E".Z?) for this fibration gives the exact sequence

D danti

Hn+1(P7LX) — n+1(Pn—1X) — 7T7L(X)/F3r7rn(X) o
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Consider the cohomology Leray-Serre spectral sequence with coefficients in
(X )z = T (X) /T2 7, (X) for which

B34 = HP (P X3 HA(K (w0 (X)), 1); (w0 (X)),

There is a clasg € H"(K (7, (X),n); (m,(X)).) that represents the quo-
tient 7,,(X) — (m,(X))r. This class transgresses to a cl@s$ lying in
n41

Hn+1(Pn71X; (7Tn (X))Tr) which representHnJrl(Pnle) - (ﬂ—n (X))ﬂ'
and for which we take a representative P,,_1 X — K((7,(X))r,n + 1).
Letgs: P, 2 X — P,_1X be the pullback of the path-loop fibration over
and letuy: P, X — P, X be alifting ofp,, throughP,, ».X. Such a lifting
exists becausk o p, ~ *.

We can modifyu, to be a fibration and consider a portion of the homotopy
exact sequences

27, (X) —=— 7, (fibre(us))

'/Tn(PnX) Pnx ﬂ-’n«(Pn—lX)g)"'

0 ——m(X)

0—— (Wn(X))'n- TWN(Pn,QX) 12—*>7TH(P7L71X) _ ..,

U2

From this diagram we see that the fibrewgfis K (I'27,(X),n). If we repeat
this construction withu, replacingp,,, then we get a spack, s X together
with a principal fibrationgs : P, 3. X — P, »X. Continuing in this way, itX

is nilpotent, we eventually get i, (X) = {0} and the process stops with
u. = ¢. andp,, refined by principal fibrations. O

The sequence @finvariants that a tower of principal fibrations admits may
be applied to many problems in classical homotopy theory. For example, the
invariants are the data for classical obstruction arguments. Another application
was introduced by [Sullivan71] in his work on the Adams conjecture. [Serre53]
showed, in his development of classes of abelian groups, that homotopy theory
can become simpler when viewed one prime at a time. Making this notion
topological rather than algebraic is the goal of localization at a prime. To
localize a spac& at a primep, first consider theing of integers localized at
the prime p, denotedZ,,, and given by the subring @p of fractionsa /b with
b relatively prime top. The functor on abelian groupd, — A ® Z,, is called
localization at the primep; it eliminates all torsion prime tp and so leaves
only thep-primary data. This functor can be extended to spaces by modifying
the refinement of the Postnikov tower by composing the classifying #aps
with the mapping induced by the localizatidi( A,, j,n) — K (A4, ; ®Z,,n),
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and then pulling back carefully. The resulting spa&ghas homotopy groups

n(Xp) = m,(X)®Z, andintegral homology grouds,, (X,) = H, (X)®Z,.
Later in the chapter, we will present an alternate construction of the local-

ization of a space, due to [Bousfield-Kan72] and carried out simplicially.

Convergence of the Eilenberg-Moore spectral sequeffge

Theorem 8i5.23, the generalized Whitehead theorem, illustrates how the
nilpotence condition can control the effect of the fundamental group. The rela-
tions between the homotopy groups of a space and their nilpotent completions
provide the data for measuring the departure from the simply-connected case of
the Whitehead theorem. Another naive situation in which simple connectivity
plays a role is the convergence of the Eilenberg-Moore spectral sequence. The
goal of this section is to prove the following result of [Dwyer74] that shows
how the nilpotence of a certain action of the fundamental group is decisive in
generalizing the naive convergence criterion.

Theorem 8'$30.Supposé’ — E L, Bisafibrationwithall spaces connected,
andA is an abelian group. Then the Eilenberg-Moore spectral sequence for the
fibre of p converges strongly tél.. (F’; A) if and only if 1 (B) acts nilpotently
onH;(F;A)foralli > 0.

Following [Rector71] £8.3) we associate to the pullback dafai BLE
the cosimplicial space (the geometric cobar constructieh()X, B, E') where
G"(X,B,FE) = X x B*™ x E forn > 0 and with coface and codegeneracy
maps given by

(x, f(x),b1,... ,bn,€) 1=0,
di(z,by,... by,e) =14 (x,b1,... ,bi,biy... ,bp,e) 1<i<n,

(z,b1,... ,bn,p(e),€) t1=n+1.
s7(x,b1,... by,€) = (z,b1,... ,l;:l,... b, €), 0<i<n-—1.

In this discussion we take all spaces involved to be simplicial sets. Thus
G*(X, B, E) is a cosimplicial simplicial set. We explore the combinatorial
structure of such an object in what follows.

Let A denote an abelian group add, a simplicial set§4.2). Then we
define the simplicial abelian group ® X by (A ® X),, = @,cx, A, for
n > 0, with face and degeneracy maps induced by the maps on the generators
and extended to bel-linear. It follows thatr,(A ® X) & H,.(X;A) and
problems concerning homology become open to homotopy methods.

In homological algebra, the basic datum of a resolution of a moditile

is the augmentatiott’, =, M — 0. We can view a cosimplicial spadé® as
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a kind of resolution (for example, when constructed from a triple; [Bousfield-
Kan72, 1§5]). We consider all possible augmentationsYdf, that is, maps

e: Z — Y satisfyingd® o e = d! o e. Themaximal augmentationassociated

to Y* is the subspaceY® of Y that gives the equalizer (as simplicial sets)
of the coface mapping€’,d': Y° — Y!. In detail, the spaceY® is given

by aY® = {y € Y° | d°(y) = d'(y)}. The maximal augmentation has the
following characterization in the category of cosimplicial spaces.

Lemma &$31. The maximal augmentatiomy™® of a cosimplicial spacé”®
is the simplicial seCoSimp(x,Y®) of cosimplicial maps from the constant
cosimplicial space:.

We leave the proof of the lemmato the reader. The Hom-set of cosimplicial
maps betweeX * andY®, CoSimp(X*,Y*), has the structure of a simplicial
set withn-simplices given by the cosimplicial mapggn] x X* — Y. Here
Aln], denotes the standard simplicialsimplex, whose-simplices are given
by

Alnls = {{xo, 21, .. ,2s) |0 <29 <27 < -+ <y <}
The face and degeneracy mapLoSimp(X*®, Y*) are induced by the standard
maps. Theinclusions: Aln| — A[n + 1]aregivenby;((zo, z1,... ,zs)) =

(X0, X1,...,X,), whereX; = z;,if j <i,andX; = x; +1,if j > 4. The

face mappingisgivenhy;: A[n]x X'ai—Xl>A[n+1] x X* — Y*. Thedegen-
eracy maps are defined by the combinatorial collapse ontg'ttiace, namely
UiE A[n] - A[n - 1]1 given bynj(<330»331a s ’-rs>) = <X07X1a s 7Xs>1

whereX; = z;,ifl < j,andX; = 2; —1,if l > j. Thuss;: Aln] x X* m—Xl>
An—1]x X* =YY",

A desirable property of resolutions is homotopy invariance. For cosim-
plicial spaces, we want a similar property—fif Y* — Z* is a morphism of
cosimplicial spaces that satisfies the condition that™ — Z™ is a homotopy
equivalence of simplicial sets for ai| thenf ought to induce a homotopy equiv-
alence of maximal augmentations. However, this is too much to ask for. The fix
for this desideratum is to replace the construction of the maximal augmentation
with one that is more robust homotopically.

Definition 8°$32. Given a cosimplicial spack®, let Tot(Y*) denote the sim-
plicial setCoSimp(A*, Y*) whereA* denotes the cosimplicial space wiltjn]
atleveln and coface and codegeneracy mappings induced by the canonical face
inclusions ¢;, and projectionsy;, respectively.

This functor was introduced by [Bousfield-Kan72] and forms the basis for
their study of localization and completiorot(Y®*) can be built up canoni-
cally from a tower of fibrations. LeA*(®) denote thes-skeleton of the cosim-
plicial spaceA®, that is, at leveh, one takes the-skeleton ofA[n]. Define
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Tot,(Y*) = CoSimp(A*®),Y*). The cofibrationsA®*(®) — A®(+1) jn-
duce fibration&ots1(Y*) — Tots(Y*), whose inverse limitiTot, (Y*) =
Tot(Y'*). Notice thatloto(Y*) = Y, and ife: Z — Y'* is any augmentation,
thene induces a mapping — Tots(Y®), for all s < cc.

A tower of fibrations gives rise to an exact couple based on the long exact
sequences of homotopy groups. THé-term is determined by the homo-
topy groups of the fibres dfot, — Tot,_;. A typical fibre takes the form
Q*((NY*)®) where( NY*)* may be written a¥ ¢ Nker s°N- - -Nker s~ when
the simplicial sets at each level B arefibrant (thatis,Y™ — x is a fibration
for all n). It follows from the grading for the exact couple that this is a second
quadrant spectral sequence. There are general conditions for its strong con-
vergence tor,(Tot(Y*)) (see [Bousfield-Kan72, 1X55]). We will obtain the
Eilenberg-Moore spectral sequence in this manner by taking the homotopy spec-
tral sequence associated to the tower of fibratiohst (A ® G*(X, B, E))}.

In the category of cosimplicial spaces we find the usual notions of homo-
topy theory such as fibrations, cofibrations, and homotopy equivalences. The
case of interest is the following diagram depicting a fibration of cosimplicial
spaces along with an augmenting fibration of spaces:

F—< - G*x,B,E)
E—<G*(B,B,E)

p q

B———B.

Here B denotes the constant cosimplicial space withat all levels and the
identity map for all coface and codegeneracy maps. The maggfds, B, E)
are given byid: B — B — E: p. The mapping; is given by first projection
off the productB x B*™ x E. Thus, at each level, we have a trivial fibration
and sor; (B) acts trivially on each fibr&™ (x, B, E'). We next show that the
action ofmy (B) on H;(F'; A) is compatible via the augmentation with this trivial
action.

Proposition §$33. The augmentation map F — * x E = G°(x, B, E) in-
duces ar; (B)-equivarianthomomorphism : H.(F; A) — H.(E; A), where
m1(B) acts trivially onH, (E; A)

ProoF: We argue with spaces and lifting functions ag4n3. The simplicial
versions ofthese structures can be found in [May67]. The pullback spaces forthe
fibrationsp andq are given by), = {(\,e) | A € WB,e € E, A\(0) = p(e)},
andQ, = {(\,b,e) | A € WB, (b,e) € B x E, A\(0) = b}. The augmentation
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maps induce a mapping between these pullb&xks- Q,, given explicitly by
(M e) — (A, p(e), e). This gives rise to the diagram

QB x F Q,—2 —wg—=" F

OB x (x x E) %QqTW(BxE)T(*xE).

As described ir§4.3, the lifting function for the trivial fibration is given by
A'(X\ b, e) = () c.), wherec, denotes the constant patleaSince the action of
m1(B) isinduced by these composites, compatibility of the actions is equivalent
to the homotopy commutativity of this diagram. Lt QBx FxI — (xx E)

be given byH ((w, y),t) = (x, A(w, y)(t)). ThenH makes the leftmost square
commute up to homotopy and so proves the proposition. ad

The fibration of cosimplicial spaces®(x, B, E) — G*(B,B,E) — B
provides control of ther; (B)-action in the tower of fibrations that give rise to
the Eilenberg-Moore spectral sequence.

Lemma &'S34.Forall i > 1, m;(Tots(A® G*(x, B, E))) is a nilpotentr; (B)-
module.

ProoF: We prove this by induction over. Whens = 0, we have the trivial
fibration E — B x E — B that describes the 0-level of the fibration of
cosimplicial spaces. Thus (B) acts trivially onm;(Toto (A ® G*(, B, E))).

By induction we consider the fibration

Tot, (A ® G*(x, B, E)) — Toty_1(A® G*(+, B, E)).

[Bousfield-Kan72, X§6] give an explicit expression for the fibre of this fibra-
tion from which we deduce its structure asd B)-module. To wit, the fibre of
Tot, (Y*) — Tot,,—1(Y*), for any cosimplicial spac¥*, is given by the func-

tion spac&om((S™, %), (NY™, x)) whereNY™ = ker(Y™ SN M"y*)and
M"=1y* isthe(n — 1)Stmatching spaceonsisting of simplices iy 1) *",
written (2°,... ,z"1), that satisfys’z? = s7~1z? whenevel) < i < j <

n — 1. The mappings: Y™ — M"~1Y* is given byy — (s%y,... ,s" 1y).

In the case of a cosimplicial simplicial abelian group, the homotopy groups of
the fibre may be written

m; (fibre(Tot,, (Y*) — Tot,—1(Y*))) 2 mien(NY™)
= mMin(Y") Nkers® N -+ Nkers™ .

WhenY* = A ® G*(x, B, E), the homotopy groups of the fibre have
am (B)-action inherited from the inclusion intd ® G"(x, B, E). However,
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Titn(ARG" (%, B, E)) is atrivialr (B)-module, and so then are the homotopy
groups of the fibre offot,, (Y*) — Tot,—1(Y*). By induction, we assume
that the groupsr;(Tot,_1(A ® G(x, B, E))) are nilpotentr; (B)-modules.
The long exact sequence of homotopy groups for the fibrakian (Y*) —
Tot,,—1(Y*) and the triviality of ther; (B)-action on the homotopy groups of
the fibre complete the induction. ad

From the lemma we can deduce half of the proof of Theor&f. 3.
Suppose that the spectral sequence converges strorfdly o, A). Then there
is a filtration of H;(F; A) for eachi with E7°,_ isomorphic to the associated
graded group to this filtration. Strong convergence implies that the direct limit
of the sequence

-+ — mi(A@Tot, (ARG® (+, B, E))) — mi(Tot,_1 (ARG (x, B, E))) — -
vanishes and so there is an injection
EX. — R, = nT im(7, (Totpy (A ® G*) — Tot,(A® G*))
C 7. (Tot, (A ® G*(x, B, E))).

It follows that eacht<, is a nilpotentr; (B)-module. Strong convergence also
implies that the nonzere; (B)-modulesEy;_, are finite in number. Arguing
inductively using Corollary BS 19 we have proved tha&f, (F’; A) is a nilpotent
71 (B)-module. _

To prove the other half of Theoren?8.30 we use the towers of fibrations
that arise from the application of the functbst to the cosimplicial fibration
G*(x,B,E) — G*(B,B,FE) — B. The augmentation from the fibratign
may be depicted in the diagram:

F < Toty G*(*, B, E) +— Tot; G*(%, B, E) «— - «— Tot G*(%, B, E)

E - Toty G*(B, B, E) «— Tot, G*(B, B,E) «— --- «— Tot G*(B, B, E)

B = B = B = = B.

Lemma &'35.Tot(G*(B, B, E)) ~ E.

PRroor: The projection off the last coordinaté* (B, B, E) — E provides an
inverse to the augmentatidih — G*(B, B, E). O

It follows that we can compare the augmentation fibration with the limit
fibration. The nilpotency condition plays a role in the following proposition
that is a form of the Zeeman comparison theorem. The proposition was known
in the early 1970's—it is stated explicitly by [Hilton-Roitberg76].
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Proposition &$36. Supposd” — F — B andF’ — E’' — B are fibrations
with B connected, ang: £ — E’ is a map overB inducing an isomorphism
on homology. Ifr; (B) acts nilpotently orf7; (F') and onH,;(F"), for all 7, then
f|: F — F'induces an isomorphism on homology.

PRrOOF: We proceed by induction on the degiesf H;(f|). Inthe casé = 0,
Hy(f) = Ho(f]) becauseB is connected.

Supposéd;(f|) isanisomorphismfad < i < n—1. Thisimplies thatthe
E2-terms of the associated Leray-Serre spectral sequences are isomorphic in
bidegreegx, i) for i < n— 1. We consider the morphism of spectral sequences
in bidegrees(0,n) and (1,n), where we havet§, = Ho(B, H,(F)) —
Ho(B,H,(F")) = E'; .. By Proposition 8.4,

Ho(B, Hn(F)) = Ho(m, Hy(F)) = (Hn(F))r,

wherer = m;(B). By Theorem 8iS.11, E}, = Hy(m,Hn(F)). On the
vertical edge of the spectral sequence the map of spectral sequences gives

2 3 n+1l __ oo
EO,n EO,n T EO,n - EO,n

o

12 73 m+1_ 500
E 0,n E 0,n e E 0o,n — E 0,n:*

Since thel?2-terms are isomorphic in bidegre@s) fori < n— 1, the differen-

tials arising to make the successive epimorphisms along the vertical edges are the
same in each spectral sequence and so we conclud#¢lat H,,(F)) is iso-
morphic toHo(r, H,(F")) via H,,(f]). Similarly, we find that'{, (=, H,(F))

maps ontoH, (r, H, (F")) via H,(f|). Theorem 8S.16 implies thatH,, (F)

is isomorphic toH,, (F”), and the inductive step follows. O

The second half of the proof of the TheoreRiS830 follows because the
homotopy spectral sequence for the tower of fibrafibot (AR G* (x, B, £)) }
converges tor, (Tot(A ® G*(x, B, E))). Proposition 81536 implies that
T (Tot(A® G*(x, B, E))) = H.(F; A).

Theorem 818,30 has been extended to connective generalized homology
theories ([Bousfield87]), nonconnected basegDror-Farjoun—Smith, J90], a
useful case when dealing with function spaces) and to pullback fibre squares

with dataX L B < Y for which the setro(X) X,y To(Y') is finite and,
forally € Y, m1(B,p(y)) acts nilpotently onfZ,((Y),) where(Y), denotes
the component oY containingy ([Shipley96]).

The development of convergence criteria for the Eilenberg-Moore spectral
sequence is, in fact, a spinoff of the investigation of the general convergence
properties of th&ousfield-Kan spectral sequence
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Theorem 8$37.Given afibrant, pointed, cosimplicial spak@, there is a spec-
tral sequence associated to the tower of fibratigfist,,(Y*) — Tot,,—1(Y*)}
with

ESNY®) 2 m(Y®) Nkers® N---Nkers®™ !, t>s>0
and converging under favorable conditionsito(Tot(Y®)).

General results indicating favorable conditions were obtained by [Bousfield87],
[Shipley96], and [Goodwillie98]. The fundamental example introduced by
[Bousfield-Kan72] is the cosimplicial space associated to the completion of a
space with respect to a ring.

The R-completion of a pointed spacéX, x,) is obtained by applying
the totalization functorTot, to the cosimplicial spac&® X obtained from the
triple {R, ¢, ¢} as follows: If (X, x) is a pointed simplicial set, then define
the simplicial R-module RX by (RX), = R® X,,/R ® zo. The natural
transformationpx : X — RX is defined byx — [1 ® z], and the natural
transformation)y : R2X — RX is given by[r ® [s ® z]] — [rs ® x]. The
R-completion ofX is defined by

R X = Tot(R*X) = Hom(A®*, R*X),

whereRFX = R(R*"1X) and R°X = RX. The cosimplicial structure is
based on the natural transformatighand:), with the coface and codegeneracy
maps given by

d': RFX — R*M1X, d' = RY(¢pe-ix),
s REX — RFIX, s/ = RI(¢Yprix)-

It follows from the properties oot that R, X is the inverse limit of a tower
of fibrationsR; X — R, 1X whereR;,X = Tot,(R*X). This tower of
fibrations is augmented by a family of mappinfis X — R, X and it leads to
the spectral sequence of [Bousfield-Kan72].
When R is a subring of(), then, one can prove that, for some gebf
primes,
R=7Zp={a/bcQ|pfbd, forallp e P}.

The R-completion of a nilpotent spadeX, zy) coincides in this case with its
Zp-localization ([Bousfield-Kan72, \44]). Thus (co)simplicial techniques
generalize the localization construction via Postnikov towers of [Sullivan71] to
general rings. The basic algebraic condition on the firiat guarantees good
completion properties is th& besolid, that is, the multiplication o induces
an isomorphisnR ® R — R.

When foo.: H.(X;R) — H.(R,X;R) is an isomorphism, then we
say thatX is R-good For R-good spaces th&-completion, foo: X —
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R, X, enjoys certain universal properties. For example, a mappiny —

Y induces an isomorphismi, (f): H.(X;R) — H.(Y;R) if and only if
Roof: RoX — R Y is a homotopy equivalence ([Bousfield-Kan72, 1.5.5]).
However, there are spaces that are Raggood—for example, an infinite wedge

of circles is notZ-good. Nilpotent spaces af@&good. With this language

we can describe the solution to the natural question—what is the target of the
Eilenberg-Moore spectral sequence in general? [Dwyer75] found the answer
for the Eilenberg-Moore spectral sequence associated to the fibre of a fibration
p: E — B: The spectral sequence converges to the homology ofithetent
completion of the fibration, that is, tdf. (F'; R), whereF is the fibre of the
fibration Roop: RooE — RooB.

Completion and localization constructions have become fundamental in
homotopy theory and a complete exposition of these ideas would take us too
far afield. Nice expositions of this circle of ideas may be found in [Sul-
livan71], [Mimura-Nishida-Toda71], [Hilton75], [Hilton-Mislin-Roitberg75],
and [Arkowitz76]. The most complete exposition of these ideas is the work of
[Bousfield-Kan72].

A consequence of the cosimplicial construction of fixeompletion is a
result of [Dror73] that shows the extent to which nilpotent spaces approximate
generalhomotopy types. To state precisely what sort of approximation we mean,
we compare a connected spataiith the associated tower of fibratiof8; X }.

By the definition ofTot,, we have the augmentation mappings X — R, X

forall s > 0 and these mappings are compatible with the sequence of fibrations
Rs;1+1X — RsX. Thus the mapping§f,} determine a mapping of towers of
spaced X} — {R:X}.

Atower of groupg G, } is a sequence of homomorphistis,; — G for
s > 0. Ahomomorphism of towers of groups, {Gs} — {H,}, is a sequence
of group homomorphismg : Gy, — H,, compatible with the tower mappings.
The natural mapg,: X — R, X determine, for each> 0, a homomorphism
of towers of groups'..: {H;(X;R)} — {H;(RsX; R)}.

Definition 8$38.A homomorphism of towers of grougs, {G} — {H.}, is
a pro-isomorphism if, for any groupA, £ induces an isomorphism

¢": limHomgyp (Hs, A) — lim Homgpp (G, A).

We leave it as an exercise to show tiat{G,} — {H,} is a pro-
isomorphism if and only if, for each > 0, there is a valug¢’ > t and a
homomorphismu, : H;; — G4 such that the following diagram commutes:

3%

Gy Hy,
pthyt / pg‘t
Gt Ht-

&t
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Hereptcf’t denotes the compositiofy — Gy_1 — -Gy — Gy and
likewise forpf{t. We also leave it to the reader to show that a pro-isomorphism
induces an isomorphism of limits:

¢ lim G, = lim H, and¢: lim' G, = lim' H,.

We say that a pointed spat&, () is R-nilpotent if X is nilpotent and,
for eachn > 1, there is a central series of (X, x()-modules

7o (X, 20) = My D My D -+ D M.y D M, D> M.y1 = {0},

for which each subquotient/; /M, is a trivial 71 (X, z)-module and an
R-module. A space is nilpotent when itZsnilpotent.

Proposition §$39. For an arbitrary connected, pointed spa¢e, z,), the
spacesR. X = Tot,(R*X) are R-nilpotent for alls > 0. Furthermore, the
natural mapsfs: X — RsX induce, foralli > 1, a pro-isomorphism of towers
of homology groupg..: {H;(X;R)} — {H;(RsX;R)}.

SKETCH OF A PROOF: The spaceRX is R-nilpotent since it is an H-space
and ank-module. According to [Bousfield-Kan72, IIl.5.5], if: £ — Bis

a principal fibration with connected fibi# and any two ofE, B, andF’ are
R-nilpotent, then so is the third. Their Proposition 11.2.5 assertsfhd —
R,_1X is a principal fibration with fibre a connected simplici@aimodule.
Thus the spaceR; X are R-nilpotent for alls > 0.

To establish that we have a homology pro-isomorphism, we observe that
Hi(X; R) & m,(RX, xo) and so we can compare the tower of homotopy groups
{m(RX, zo)} with {7, (RRs X, x0)}. When comparing the spac&X and
RR., X, we have a triple structure available and hence mappings

¢: RX < RR,X:1  withye =id.

[Dror73] interpolates a condition that implies that a pro-isomorphism on ho-
motopy is induced by RX} — {RR;X}, namely, that the map of towers
{R,X} — {Rs;R,X} induce a pro-isomorphism. He then uses the conver-
gence of the homotopy spectral sequence associated to the {&yér} to
obtain the pro-isomorphisifH (X; R)} — {Hp(RsX;R)}fork>1. O

It follows from the proposition that every connected, pointed homotopy
type may represented by a tower@ilpotent spaces, up to homology equiv-
alence. This approximation is analogous to the Stone-Weierstrass theorem:
Every homotopy type (continuous function) may be represented by a tower
of R-nilpotent spaces (a sequence of polynomials) such ihatX;R) =
{i_r[sl H,(R,X:R) (limits agree). To study whether a spaceiigjood, we can

focus on the relation betweéin A, (R, X; R) andH. (R, X; R).
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Exercises

8PiS 1. Show thatr, (R P2") acts nonnilpotently omry,, (R P2").

8PiS 2. Show that the action? ¥ : 71 (E, ) x mp(F,e) — m,(F,e) is well-
defined and that, : 7, (F,e) — m,(F, e) is am (E, e)-module homomorphism.

ghis 3, Suppose that/ is a module over a group. Show that the coinvarianf&/;

is the largest quotient a¥/ on whichr acts trivially. Show directly that the functor
M — M, is right exact.

gPis 4. Let denote the cyclic group of orden, with generatot € 7. Show that
the complex

N T €
oWy, Wy — W, — Wy —Z— 0

is a resolution ofZ overZm, whereW), the freeZm-module on a single generator
wy and boundary homomorphisrds: Wy, 1 — Wa,, given by T (wa,+1) =
tway, — wap andN : Wo,, — Wo, 1 given byN(’U)Qn) = Wap—1 + twop_1 +
cee tm—1w2n71_

ghis 5, Suppose that is a finitely generated group. Show tHaf(w, M) is finitely
generated whenevél is finitely generated ovéf.r and: > 0.

8PiS 6. Prove directly thatf, () = /[, 7.
8PS 7. Prove Theorem!¥S.11.

ghis g Suppose that — H — m — () — 1is an extension of groups. Complete
the proof of Theorem®S.14 by showing that th€-coinvariants of the conjugation
action onH/[H, H| are given byH/[r, H|.

ghis g Suppose that — R — F' — 7w — 1 is a presentation of the fundamental
groupm = m1(X) of a spaceX, whereF' andR are free groups. Prove the classic
resultof Hopfthats (X ) /h. (m2(X)) = RN[F, F]/[F, R)whereh, : m3(X) —
H,(X) denotes the Hurewicz homomorphism.

ghis 10 Suppose that — H — 7 — @@ — 1 is a central extension, that is]
maps to a subgroup of the centernof Show that there is an exact sequence:

Hy(m) — Hy(Q) — H — Hi(w) — H1(Q) — 0.

8PiS 11 Prove Corollary 8iS.19.

ghis 12 Suppose that’ — EiB is a fibration of connected spaces. Suppose that
E is nilpotent. Show that; (F') acts nilpotently on itself by conjugation.

ghis 13 Supposer acts nilpotently onM/ and Hy (7, M) = {0}. Conclude that
M = {0}.
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gPis 14, The functor associates to a-module the submodulEM generated by
the union of the family of all perfect submodulesf, that is, submoduled” with
N = T2N. Show thatl'M is also perfect and that it is the maximalperfect
submodule ofM/. Show that'M C I'? M for all n.

8IS 15 Show that™ M/ = I +1 1/ implies thatl™ M = T+ M for all k > 0.
Thus the lower central series is a sequence of proper inclusions until it stablilizes.

gPis 16, Show that all nilpotent spaces arecomplete.

8PiS.17. Show that the maximal augmentation of a cosimplicial sgates given
by aY'®* = CoSimp(x,Y®).

gPis18 If R @ is a subring of(Q, then show that there is a set of primEs
(possibly empty) for whictR = Zp.

8PiS 19, Show that a homomorphism of towers of groups{G,} — {H,}, is
a pro-isomorphism if and only if, for each> 0, there is a valu¢’ > ¢ and a
homomorphismu; : Hy, — G, such that the following diagram commutes:

&y
Gy —Y— Hy
pg,z / p?t
Gy H,.

&t
Show further that a pro-isomorphism induces an isomorphism of limits:

¢ lim G, = lim H, and¢: lim' G, = lim' H,.



