10
The Bockstein Spectral Sequence

“Unlike the previous proofs which made strong use of
the infinitesimal structure of Lie groups, the proof given
here depends only on the homological structure and can
be applied to H-spaces . ”

W. Browder

In the early days of combinatorial topology, a topological space of fi-
nite type (a polyhedron) had its integral homology determined by sequences
of integers—the Betti numbers and torsion coefficients. That this numerical
data ought to be interpreted algebraically is attributed to Emmy Noether (see
[Alexandroff-Hopf35]).

The torsion coefficients are determined by the the Universal Coefficient
theorem; there is a short exact sequence

0 — Hy(X) ® 7172 H, (X3 Z/r7) — Torg(Hp_1(X), Z/rZ) — 0.

To unravel the integral homology from the medomology there is also the
Bockstein homomorphism Consider the short exact sequence of coefficient
rings wherered,. is reduction mod-:

—XTr red,.
0—>Z—X>Z—>Z/TZ—>0.

The singular chain complex of a spa&eis a complex(', (X), of free abelian
groups. Hence we obtain another short exact sequence of chain complexes

—XT red,.

00— Cu(X) — Cu(X) — Cu(X) R Z/rZ — 0,

and this gives a long exact sequence of homology groups,

— X7 red,

- — Hy(X) — H,(X) —— Ho(X;Z/rZ) 2 no1(X) — -

When an elemeni € H,,_;(X) satisfies'u = 0, then, by exactness, there is
anelementi € H,,+1(X;7Z/rZ) with 9(2) = u. To unpack what is happening
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here, we writeu = {¢® 1} € H,(X;Z/rZ). Sinced(c® 1) = 0 and
d(c) # 0, we see thad(c) = rv and the boundary homomorphism take®
{v} € H,_1(X). The Bockstein homomorphism is defined by

B: Ho (X Z/r7) — Hy1 (X5 Z/r7), u={c®l} — {v®l} = {%80@1}.

This mapping was introduced by [Bockstein43]. The Bockstein spectral se-
guence is derived from the long exact sequence when we treat it as an exact
couple ¢10.1).

One of the motivating problems for the development of the Bockstein
spectral sequence comes from the study of Lie groups. Recall that a¥pace
torsion-free when all its torsion coefficients vanish, that is, when X) is a
free abelian group for each A remarkable result due to [Bott54, 56] identifies
a particular class of torsion-free spaces.

Theorem 10.1.If (G, e, 1) denotes a connected, simply-connected, compact
Lie group, them)G is torsion-free.

Bott's proof of this theorem is a tour-de-force in the use of the analytic
structure of a Lie group. The transition to topological consequences is via Morse
theory. The essential ingredient is the study ofdiegram D associated to
G—a system of subspaces of the tangent space to a maximaltarus which
may be described in terms of “root forms” 6h The fundamental chambersin
D carry indices that determine the Poineagries of the based loop sp&uE.

In fact, the Poincae series has nonzero entries only in even degrees. From this
condition for all coefficient fields, it follows th&2G is torsion-free.

By way of contrast, we recall a celebrated result of [Hopf41]. H-spaces
and Hopf algebras made their first appearance in this landmark paper where
results about the algebraic topology of Lie groups were shown to depend only
on the more fundamental notion of an H-space structure.

Suppose X, xg, 1) is an H-space. The commutativity of the diagram

XXX 20 Xy XxXx XU x v X x X xX
I3 uXp
X X x X.

A
implies that the coproduct on homology,

Ay Ho(X k) - Ho (X k) @ Ho (X k),
is an algebra map with respect to the product Thus (H.(X;k), ., Ay)

satisfies the defining property of a Hopf algebra. This algebraic observation
implies the following structure result.
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Theorem 10.2[Hopf41]). If (X, zo, 1) is an H-space of the homotopy type of
a finite CW-complex anklis a field of characteristic zero, thefd* (X ; k) is an
exterior algebra on generators of odd degree.

Proor: Consider the graded vector space of indecomposable elements in
H*(X;k):

QH*(X;k)) = HY(X;k)/H" (X; k) — H"(X; k).

LetQ(H*(X;k)) = k{z1,z2,... , x4} With the generators ordered by degree,
degz; < degay < --- < degzy. Letx = x; denote first even-dimensional
generator, of degredn, andA, denote the sub-Hopf algebra generated by the
odd-dimensional classes throughz;_;.

Recall thatifC' C Bis a normal sub-Hopf algebra 6f, thatis,/(C)-B =
B-I(C),thenC//B = B/I(C) - B is the quotient Hopf algebra addC') and
1(B) denote the kernels of the augmentation.

Consider the short exact sequence of Hopf algebras:

0— A, — H(X;k) —» H(X;k)//A, — 0.

SinceH*(X; k) is commutative A,, is normal inH*(X; k). The class goes

to a primitive class in H*(X; k)//A,, thatis,u*(Z) =z ® 1+ 1 ® Z. Since

H*(X;k)//A, is also a Hopf algebra, we have th&tis a homomorphism of
algebras and sg*((z)"”) = (¢*(Z))" = (1®z+z®1)". Itfollows, as in the

proof of the binomial theorem, that, for all> 0,

®((m\Y T i —\n—i —\0 _
1 ((Z) )—Zi_0<i>(x) ® (z) where(z)" = 1.

Since X has the homotopy type of a finite CW-complex, for sorvie
H*(X;k) = {0} for s > N. It follows that(z) = 0 whenever2mi > N.
However, for the first such

P (7)) = Z;O (Z) (Z)' @ (z)#£0

because(z) # 0in k and(z)' @ (z)!7% # 0 wheni > 1. Thus, the ap-

pearance of # 0, a primitive of even degree iH*(X;k)//A,, implies that

(z)t # 0forallt > 1, and H*(X;k)//A, is of infinite dimension ovek.
SinceH*(X;k)//A, is a quotient ofH*(X; k), this contradicts the finiteness
assumption otX . It follows thatH* (X ; k) has only odd degree algebra gener-
ators. The theorem follows from Theorem 6.36—a graded commutative Hopf
algebra on odd generators is an exterior algebra on those generators. O
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The interplay between the homotopy-theoretic properties of H-spaces and
the analytic properties of Lie groups has deepened our understanding of such
spaces considerably. At first it was believed that H-spaces with nice enough
properties need be Lie groups ([Curtis, M71] reviewed this program), but
the powerful methods of localization at a prime soon revealed a much richer
field of examples including the so-called “Hilton-Roitberg criminal” ([Hilton-
Roitberg69]), a manifold and H-space of non-Lie type. The generalization of
properties of Lie groups to H-spaces of the homotopy type of a finite complex
fueled considerable efforts that include the development of the Bockstein spec-
tral sequence ([Browder61]), the introductionf-structures ([Stasheff63]),
new applications of localization ([Zabrodsky70], [Hilton-Mislin-Roitberg75]),
and the solution of the torsion conjecture ([Lin82], [Kane86]), which states
that QX is torsion-free forX a finite, simply-connected H-space. [Dwyer-
Wilkerson94] have applied the methods of homotopy fixed point sets developed
by [Miller84] and [Lannes92] to recover the algebraic topology of Lie groups
from a completely homotopy-theoretical viewpoint ([Dwyer98]).

In this chapter we develop the properties of the Bockstein spectral se-
qguence, especially for applications to H-spaces. We introduce the remarkable
notion of co-implications due to [Browder61] and apply it to derive certain
finiteness results. We then consider some unexpected applications of the Bock-
stein spectral sequence to differential geometry and to the Adams spectral se-
guence. The short exact sequence of coefficients that characterizes the Bock-
stein spectral sequence can also be generalized to other homology theories and
to homotopy groups with coefficients (introduced by [Peterson56]). This leads
to other Bockstein spectral sequences—for mdtbmotopy groups, and for
Morava K-theory—whose properties have played a key role in some of the
major developments in homotopy theory. These ideas are discus$Eal

10.1 The Bockstein spectral sequence

Although it has a modest form, the Bockstein spectral sequence has led to
some remarkable insights, particularly in the study of H-spaces. We recall the
construction of the Bockstein spectral sequence H&&). Fix a primep and
carry out the construction of the long exact sequence associated to the exact
sequence of coefficients, - Z — Z — I, — 0. Following a suggestion
of John Moore, [Browder61] interpreted the long exact sequence as an exact

couple:
H,(X) —P H.(X)
\ %ﬁ*
H,(X:TFp)

We denote theb!-term by B! =~ H,, (X;F,). The first differential is given by
d' = dored,. = f3, the Bockstein homomorphism. The spectral sequence is
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singly-graded and the results of Chapter 2 apply to give the following theorem.

Theorem 10.3. Let X be a connected space of finite type. Then there is
a singly-graded spectral sequen¢®’,d"}, natural with respect to spaces
and continuous mappings, with! ~ H,(X;F,), d' = 3, the Bockstein
homomorphism, and converging strongly(fé, (X) /torsion) ® F,,.

PROOF: Suppose= is a finitely generated abelian group. Then we can write

G = EB,Z ® @]Z/pejz ® @tZ/qt”Z,

where theg, are primes not equal tp. Thetimesp homomorphism is an
isomorphism Of@tz/% Z and a monomorphism o@iz. Recall thep-
component of7 is the quotient group

(»G = G/{elements of torsion order prime t¢ = P Z & P Z/p*/Z.
i J

An nonzero elementi in G is p-divisible if uw = pv for somev in G. The ele-
ments ir@tZ/q{tZ areinfinitely p-divisible since— x p is an isomorphism on
this summand. No elements in the resGotan be infinitelyp-divisible without
violating the condition that7 is finitely generated. With these observations we
prove the convergence assertion of the theorem.

By Corollary 2.10 we have the short exact sequence

0= HulX) /o1, () 4 kerpr) = Bitt = 0 Haa (X) Nkerp — 0.

Notice thatB.+! = {0} implies H,,(X) = pH,(X) + kerp". If u € H,(X)
generates a copy df, thew ¢ kerp”. Butif u € pH,(X), thenu is p-
divisible. Writingu = puv, it follows thatv, is alsop-divisible. Continuing in
this manner, we conclude thats infinitely p-divisible, a contradiction to finite
generation. It follows that,) H,,(X) = ker p” and so,,) H,, (X ) has exponent
less than or equal to'".

Let r go to infinity to obtain the short exact sequence

0— H"(X)/(pHn(X) + p-torsion — By — V2 =0,
whereV ! is the subgroup off,,_; (X) of infinitely p-divisible elements that

vanish when multiplied by. Becausef,,_, (X) is finitely generatedy ;! is
trivial and so

B Hn(X)/(pHn(X> + p-torsion) ~ (H,(X)/torsion ® IF, O
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Some immediate consequences of the existence and convergence of the
Bockstein spectral sequence are the following inequalities. Suppos# tisat
a space of finite type. Then, in each dimensipwe have

dimy, H;(X;F,) > free rankH;(X)
= dim g H;(X;Q)
= dimy, ((H;(X)/torsion) @ ).

This follows from the Universal Coefficient theorem and the fact BigtX ) is
finitely generated. Thus the Bockstein spectral sequenck fmllapses aB"
if and only if dimy, B (X) = dimg H;(X;Q) for all 4.

There is an alternate description of the differential that identifies the Bock-
stein homomorphism directly. Consider the short exact sequence of coefficients

0 — Z)pZ — Z]p*7 — Z[pZ — 0

where we have writtef./pZ = pZ/p*Z as the kernel. The associated long
exact sequence on homology for a spates given by

C— Ho (X3 Z/pZ) — D Ho(X;Z/p*7)

and hagl! = 33, the connecting homomorphism. This can be seen by comparing
the short exact sequences of coefficients

0 7z—2 .7 Z/pZ ——— 0
red, red, 2
0 Z/pZ 7)p*7 —— L) pZ —— 0.

—Xp

The associated homomorphism of long exact sequences careasd,, o0.
When we consider the short exact sequence of coefficients

0—Z/p"Z — Z/p* 7 — Z/p"Z — 0,

we obtain ther" order Bockstein operator as connecting homomorphism.
Taking all of the short exact sequences of coefficients for all1, the following
more refined picture of the Bockstein spectral sequence emerges.
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Proposition 10.4. B, can be identified with the subgroup &f,(X; Z/p"Z)

given by theimage d¥,,(X;Z/p"7Z) -, H,(X;Z/p"Z)andd": B}, —
B’ _, can be identified with the connecting homomorphismytherder Bock-
stein homomorphism.

PROOF: Write G, = im(— x p"~': H,(X;Z/p"7Z) — H,(X;Z/p"Z)) and
consider the sequence of homomorphisms

r—1 —xp r—1 “ T < r—1 r—1
P HL(X) ——p" T Huy(X) — G, —p" T Hy 1 (X) —p" Hy 1 (X)

defined bya ({ZﬁpT_lui}) _ {Zu ® (Pt + p"Z)} € Gr. This
homomorphism is well-defined and has(— x p) as its kernel. If a homology
class{z_vi ® (pmt +p7”Z)} € H,(X;Z/p"7Z) is in G}, then define

c({Sumewrrn)) - {15 o)},

whered is the chain boundary operator. Sirﬂ:ézw ® (pr—t + p"'Z)) =0,
. o 1 ‘ o .
it follows thatzavl D (p ij]) and so dividing byp determines a

classinp™ ' H,_1(X). Itiseasytoseethatr ( = im o and we have exactness
atG! . We compare this sequence with @ derived couple

—)])TﬁlHn( ngilHn( — G:L HprilHn,—l(X) gprilHn—l(X) -

X) X)
_’pr_lHn(X) ?pr_lHn(X) - B; _’pr_lanl(X) ?pr_lanl(X) -

'
!
I
|
'

The Five-lemma implie®], = G7,.
To identify the differentiali” with the higher Bockstein

Br: Hy(X;Z/p"Z) — Hy1(X;Z/p"7)

it suffices to compare the connecting homomorphism that defipegth the
definition of the homomorphism. O

This representation of the terms in the Bockstein spectral sequence can be
completed by embedding the data forsalt 1 into a Cartan-Eilenberg system,
a general technique to construct a spectral sequence (also knovepestial
systemin [Neisendorfer80] or @oherent system of coalgebra/algebras/Lie
algebrasin [Anick93]). The definition and relation between a Cartan-Eilenberg
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system and its associated spectral sequence are explored in Exercises 2.2 and
2.3. For a primep and a pail(s, t) with —oo < s <t < oo we define

H(s,t) = H (X;Z/p"™57Z).

If s < s andt < ¢, let H(s,t) — H(s',t') be the homomorphism induced
by the map of coefficients7,/p'~*Z — 7Z/p* ~*'7Z, that is determined by

1 — pt'~t: H(X;Z/p"™57) — H.(X;Z/p"' ~*'7Z). If r < s < t, then
letd: H(r,s) — H(s,t) be the connecting homomorphism associated to the
coefficient sequence

0— Z/pt_SZ — Z/pt_"‘Z — Z/p* "L — 0,

a homomorphisnt,. (X; Z/p*~"Z) — H,._1(X;Z/p'"*Z). In this context
the limit terms of the Cartan-Eilenberg system are givelfilly) = H(q,q) =
H,(X)andH(g,00) = Hy(X;lim, . Z/p"Z). The exactcouple determined
by the long exact sequence

~~HH(q*1)HH(q)HH(qfl,q)iH(qfl)ﬂH(q)Hm

gives the Bockstein spectral sequence.

With this added structure the (co)multiplicative properties of the spectral
sequence may be studied. We refer the reader to the work of [Neisendorfer80]
and [Anick93] for more details.

Though we developed the Bockstein spectral sequence for homology, it is
just as easy to make the same constructions and observations for cohomology.
The Bockstein homomorphism for cohomology has degree 1,

B H*(X;F,) — Hn+1(X§Fp)7

and is identified with the stable cohomology operatian the Steenrod algebra
A,, whenpis odd, andSd in A2, whenp = 2. This leads to a spectral sequence
of algebras sincg is a derivation with respect to the cup product.

WhenX s an H-space

The naturality of the Bockstein spectral sequence applies to the diagonal
mapping to give a morphism of spectral sequenBésX) — BL(X x X).
When (X, zo, u) is an H-space, the multiplication mapping indud®s 1) :
BI(X x X) — BI(X). Our goal in this section is to identiff3] (X x X)
with B} (X) ® Bj(X) and so obtain a spectral sequence of coalgebras for the
homology Bockstein spectral sequence. Dually, we obtain a spectral sequence
of algebras for the cohomology Bockstein spectral sequence; and for H-spaces,
a spectral sequence of Hopf algebras.
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Following [Browder61], we introduce small models of chain complexes
whose structure makes explicit the key features of the Bockstein spectral se-
guence. Supposeands are nonnegative integers. Define the chain complex
(A(n, s),d), free overZ, where

{0}, m#n,n+1,
An,$)m =1 Z=(u), m=n,
Z=(v), m=n+1(={0}if s=0).

The differential is given on generators 8fv) = su, and soH,,(A(n, s),d) =
Z/sZ.andH,(A(n, s),d) = {0} forr # n. This chain complex can be realized
cellularly by themod s Moore spaceP"*1(s) = S™ U, e"*! wheres here
denotes the degreemap onS™. The reduced integral homology &f**1(s)
is H.(A(n, s),d).

The timesp map, denoted- x p, on A(n,s) fits into the short exact
sequence

0= (A(n,s),d) —2s (A(n, s),d) s (A(n, s) @ F,,d) — 0,

wherered,, denotes reduction mog The long exact sequence in homology
is the Bockstein exact couple. We consider the Bockstein spectral sequence
associated to this exact couple.

Proposition 10.5.If ged(s,p) = 1, thenH*(A(n 5)®@TF,,d) = {0}. If s =0,
thenB! = B> =~ 7 /pZin degreen. If s = ap* withk > 0 andgcd(a, p) = 1,
thenB! = B2 >~ ... = B¥ and B**! =~ B>~ = {0}.

Proor: The first assertion follows from the Universal Coefficient theorem
and the fact that/sZ @ F, = {0}. Whens = 0, A(n,0) ® IF, is simplyTF,
concentrated in degreeand the spectral sequence collapses.

By the fundamental theorem for finitely generated abelian groups, we can
splitZ/ap*Z asZ/aZ & 7 /p*Z. Since the contribution b§/aZ vanishes, we
only need to consider the case= p* with k& > 0. SinceA(n,p*) ® F, =

A(n,p*)/pA(n,p*), we have thatl = 0 and so
- F whenr =norn+1
H.(A(n,p") @F,,d) = , ’

(Aln,p") © F, d) {{0} otherwise.

We write (u), and (v),, for the modp reductions ofu andv. The mapping
d: Hyy1(A(n,p*) ® Fp,d) — H,(A(n,p"),d) in the exact couple is given
by 9((v),) = p*~'u for reasons of exactness. We can peel away poweps of
from p*~1u until it becomes the generator pf~!(Z/p*Z) = Z/pZ, and so
d' =d?> =... =d*1 = 0. At B¥ we have

BE,, 2 ((0),) — pF U2/ ) — BE = ((u),)
W P o (W),
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Thus B! = B = {0}. O

In fact, more can be deduced from the small complexes.

Lemma 10.6. If s = ap* with & > 0 and gcd(a,p) = 1, then there is an
isomorphism of exact couplég, q):

redpx
—_—

H(A(n, ap"),d) —"~ H(A(n, ap"), d) H(A(n, ap") @ Fp, d) 2~

q q q

redp .«

pH(A(n,ap®*t),d) 1?pH(A(n7 ap®*1),d) === B2(A(n, ap"*t)) o,

PRrOOF: Write A = A(n, ap**!) with generators: andv andA’ = A(n, ap*)
with generatoré/ andV. Consider the mapping: A’ — A and its reduction
g: A ®F, - A®TF, given by

q
q(V) =, a(V)p) = (v)p-

By the linearity of the differentialsg is a chain map. By the definition qf
¢ H(A(n,ap®)) = pH(A(n, ap**1)). If k > 0, theng. is an isomorphism at
Bl(A) = B2(A).

It is left to show that the mapping pafr., g.) is a morphism of exact
couples. Since is a chain map, it commutes with x p. The class{U}
generatedd,,(A’). The mappingj on H(A’) is given by{U} — (U),, the
reduction modp of {U}. Thereforeg. o j({U}) = (u),. By the definition
of a derived couple and the fact tha{«}) = (u),, we havej’ o ¢.({U}) =
7' (p{u}) = j({u}). Thusj’ o q. = g o j.

For dimensional reason8((U),) = 0 = 9'((u),). Fork >0, (V), # 0
and, by exactnes€)((V),) = {ap"* U} andd'((v),) = {ap*u}. Since
q+({U}) = {pu}, we have that, o 9 = 9’ o ¢, and s0(gx, . ) is a morphism
of exact couples. ad

With this lemma, we prove a structure result.

Proposition 10.7.Consider the Bockstein spectral sequencefor Cs where
C1 = (A(n,ap*),d) andCy = (A(m,bp'),d), k > 1 > 0 andged(a,p) =
1 = ged(b, p). ThenB?(C; ® Cy) may be taken to b82(C1) ® B2(Cs).

PROOF: By Lemma 10.6 we can takB?(Cy) = H(A(n,ap* 1) ® [y, d)
and B%(Cy) = H(A(m,bp'~!) ® Fp,d). We write B2(C;) = C!; denote
the generators af’; by u;, v;, and the generators @t/ by v}, v} fori = 1, 2.

17 7
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Assume that > [ and let

v = lem(a,b) = ag = bh,

8 = ged(ap~t,b) = Nap*~t + Mb,

z = g(v1 ©uz) — (=1)%F hp" ! (ur @ vy),
y = N(v; @ug) + (=1)9°8“ M (u; ® v).

It follows that{x, y} is a basis fo(C; ® C2)pn4m+1. Putting primes or, y,
u; andv;, we get a basi§a’,y'} for (C] ® C4)pnim+1. By the definitions,
dr = 0 = da’, dy = 6p'(u; ® uz), anddy’ = 6p'~1(u} @ uh). Define the
morphism of exact couples by letting C; ® C}, — C; ® Cs be given by

q(uy ® up) = p(ur @ uz), q(z") = pz,
ay') =y, q(v) @ V) = v1 ® v,

Theng is a chain map ang. H (C] ® C4) = pH(Cy ® C3). On the reductions
mod p, define the mag;: C! @ F, — C; ® F, by ¢;((u}),) = (u;), and
qi((vi)p) = (vi)p- Letg =g @ ¢2. Then

g H(C, ® Cy®@F,) — H(C; ® Cy ®F,) = B*(Cy @ Cy).

The morphism(q., g.) is a morphism of exact couples and, as in the proof of
Lemma 10.6, an isomorphism. O

We put the small models to work after we state two results of [Browder61]
that follow from the properties of free and torsion-free chain complexes. We
leave the proofs to the reader.

Proposition 10.8.Let (A, d) be a chain complex, free ovér, let (A’,d’) be
a torsion-free chain complex, ang a prime. If(¢, ¢) is a morphism of the
associated Bockstein exact couples,

—— Ho(A) =2 H,(4) 2 H (AR T,) —2— H,_(A) ——

@ ¢ é ¢

—— H,(A") H,(A") —— H,(A'® Fp) —5 no1(A") ——.

_
—Xp redp«

Then there is a chain mag: (A,d) — (A’,d’) such thatd(f) = ¢ and
H(f® Fp) = ¢.
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Lemma 10.9.Let (A, d) and (A4’,d’) be torsion-free chain complexes. Then,
forall r, B"(A® A',d+d') = B"(A,d) ® B"(A',d').

Assume that(A’, d’) is a torsion-free chain complex whose homology
groups are finitely generated in each dimension. Using Proposition 10.8 and
Lemma 10.9 we can repla¢d’, d’) with another complex4, d) which is free

and of the forn@((Ai, d;) with each(A4;, d;) of the form(A(n;, a;p*), d).
By Lemma 10.98"(A', d') = @B’“(Ai, d;).

SupposeX is a space of finite type. The homology Bockstein spectral
sequence forX is the Bockstein spectral sequence {6f.(X),0) and this

spectral sequence is functorial M. The diagonal mapping oX gives a
morphism of spectral sequences

B"(A): B"(X) — B"(X x X).

Replacing the chains o with a direct sum of small models, we can apply
Proposition 10.7 to the Alexander-Whitney map to prove the following result.

Theorem 10.10. For (X, z() a pointed space of finite type, the homology
Bockstein spectral sequence is a spectral sequence of coalgebras.

WhenX is an H-space of finite type, the same argument applied to the mul-
tiplication, along with the compatibility of the multiplication with the diagonal,
gives the following key result.

Theorem 10.11. For X, an H-space of finite type, the homology Bockstein
spectral sequence fox is a spectral sequence of Hopf algebras.

The cohomology Bockstein spectral sequence admits a dual analysis using
the small complexeHom(A(n, ap®),Z). In fact, Hom(A(n,ap*),Z) is sim-
ply A(n, s) with the differential upside down. Its single nontrivial homology
group isH"+(A(n, ap”), d4U@). Using these complexes and carrying out the
same kinds of arguments as for the homology Bockstein spectral sequence we
obtain the theorem:

Theorem 10.12. For (X, x,) a pointed space of finite type, the cohomol-
ogy Bockstein spectral sequence is a spectral sequence of algebras. Sup-
pose(A.,d) is a chain complex with homology of finite type. K&* =

B (Hom(A.,Z)),d,} denote the cohomology spectral sequence for the dual
of (A,,d). ThenB} = Hom(Bj(A.),F,) andd, is the differential adjoint

tod". If X is an H-space of finite type, then the cohomology Bockstein spec-
tral sequence foX, BX(X) = BX(C*(X), ), is a spectral sequence of Hopf
algebras dual to the homology Hopf algeb®5(X).
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Having established these structural results, we turn to some examples.
The universal examples for cohomology are the Eilenberg-Mac Lane spaces for
which we have complete descriptions of the modohomology according to
the theorems of Cartan and Serre (Theorem 6.16). We reinterpret these known
data to give a complete description of the Bockstein spectral sequence in arange
of dimensions.

We note that the limit of the Bockstein spectral sequences t@i/p*Z, n)
hasB> = {0}. To see this, supposé, (K (Z/p*Z,n)) contained a torsion-
free summand. TheH, (K (Z/p*Z,n); Q) would have anonzero lowestdegree
generator. By the Hurewicz-Serre theorem oRgiTheorem 6.25), this would
imply a torsion-free summand in the homotopy6{Z/p*Z,n) which does
not happen. HencB> = {0}.

Supposep is an odd prime. The cohomology & (Z/pZ,n) with co-
efficients in the fieldF, is a free graded commutative algebra (exterior on
odd-dimensional classes, tensor polynomial on even-dimensional classes) gen-
erated by classeSts,, wherel = (gg,81,¢1,- .. ,5m,&m) iS an admissible
sequences; = 0 or1,s; > ps;+1 + €;, form > i > 1; Definition 6.17) of
excess less than or equaktoNotice that the excess(I) = 2ps; + 2o — ||,
is such that, iff = (1,s1,¢e1,...,8m,em) ande(I) < n, thene(I’) < n for
I' =(0,$1,€1,--.,8m,&m). Thus, the generators pair off. Since this pairingis
given byﬁSt”zn = St'4,, andd, = 3, we are looking at two sorts of differential
graded algebras:

ASt 0,) ® F,[St2,], di(St'1,) = Sta,, degSt 4, odd
]Fp[St[/zn] ® A(Ste,), dl(StI/zn) = St,, degSt 1, even

WhenSt s, has odd degree, the compl&xSt z,,) @ IF,,[St4,,] has the same
form as the Koszul complex fok(z.q4q) @and so its homology is trivial. When
St has even degree, the complex has homoldgy,, [St 1, ] © A(St1,,), d1)
= A({(St'1,)P 1 @ Ste, }) @ IF, [{(SE1,,)7}], where{U } denotes the homol-
ogy class ot/ with respect to the the differentidl. This follows becausé,
is a derivation and sd, (St 1,,)?) = p(St 2,)?~* = 0. Notice how the class
{(St'2,)P~* ©St'4,, } encodes the transpotence element that figures in Cartan’s
constructions and Kudo’s transgression theorgn?).

Supposer = 2m. Recall thatP™zs,, = (12,,)P. In dimensions less than
2mp = deg1b,, we find classes coming from the paired algebras:

(Fp[l2m] ® A(ﬁhm)) ® (Fp[lem] ® A(ﬁplhm)) PIERE
& (Fp[Pm_llgm] 024 A(ﬂpm_llgm)).

Computing the homology of this product as a differential graded algebra with
differential 3, we are left with the first nonzero class€ss ' ® fiam} €
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B2~ and{s5,} € B, The nextindecomposable classih corresponds
to {(Pl,,)P} € B§(2m+2(p_1)). Thus , forg < p(2m + 2(p — 1)),

B3(K(Z/pZ,2m)) 2= (A{Bram — (12m)"1)}) @ Fp[{5,,}])7.

The case of{ (Z/p*Z,n) for k > 1 yields to a similar analysis of admis-
sible sequences except in the lowest degrees. Here the contributing classes are
1, and By, the Bockstein ok order associated to the short exact sequence
of coefficients0 — Z/pZ — Z/p*Z — Z/p*~'Z — 0. In dimensions
q < p(n+2(p—1)) we have thaB} (K (Z/p*Z,n)) =

BY, if 1 <k,
{0}, if > k andn is odd,
(A({Brtn — (12)P71}) @ Fp[{ek}])?, if I =k + 1 andn is even.

We complete the analysis for the lower dimensions of the Bockstein spec-
tral sequence whemis even. The inputis part of the computation of [Cartan54]
of the integral cohomology of the Eilenberg-Mac Lane spaces.

Proposition 10.13.If p is any prime ands > 1, then Ha,,,, (K (Z/p*Z, 2m))
contains a subgroup isomorphic #/p**1Z as summand. Furthermore, there
are no summands isomorphicZoor Z/p*+7 7 with j > 1.

Corollary 10.14. Suppose thap is an odd prime. Let,,, denote the funda-
mental class ilB?™ (K (Z/p*Z,2m)). Then, for some € F,,

dk‘+1({zgm}) = C{ﬂkZQm ~ (ZQWL)pil} 7& 0.

The proof of Proposition 10.13 is a direct computation using the method
of constructions ([Cartan54]). This method applies integrally and so one can
compute the desired homology group by hand and discoverttision height.

The corollary follows from the convergence of the Bockstein spectral se-
qguence. Since there are no other classes in the degree involved, the formula for
di+1({,, }) follows without choice. [Browder62, Theorem 5.11] gave a more
general chain level computation that obtains the formula directly.

For the prime 2, a new phenomenon occurs in the Bockstein spectral se-
quence fol (Z/27Z,n). [Serre53] showed thd{ *( K (Z/27Z,n);Fs) is a poly-
nomial algebra on generatd8¢ z,, wherel is an admissible sequence (mod 2)
of excess less than or equali#gTheorem 6.20). However, when= Sts,,
has odd degre2m + 1, then

o = Sq™ M x = S SF™x = S St Dy,

that is, the squares of certain classes are the image under the Bockstein of other
generators. The pairing of classes that occurs in the case of odd primes does not
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occur here and new cycles are produced. We v@8de,,, = 7,,,,1. Because
Sdt = 3 is a derivation, we have

n%erl = qumﬂhm = Sqlqu'mn2m+1 = Sq1 (7/2m772m+1)-

ThusSE"™ N2m41 + 12m — N2m-1 IS @ cycle unded,. By the same analysis of
the low degrees off* (K (7/27,2m);F5) and Cartan’s integral computation
we have the following result.

Corollary 10.15. Suppose thap = 2. Let,, € B?™(K(Z/27Z,2m)) and
Nom+1 = Sqllgm. Then

dQ({ng}) = {qum772m+1 + t2m — 772m+1}-

We leave the remaining case &f(Z/2%7Z,n) for k > 1 to the reader. In
this case, Corollary 10.14 for odd primes goes over analogously.
We next explore some of the consequences of these calculations.

Infinite implications and their consequences

The proof of Theorem 10.2 for fields of characteristic zero shows that the
presence of a primitive elementof even degree implies the conditiafi # 0
for all n. For fields of characteristip > 0, it can happen that a primitive
elementz of even degree can satisfy” = 0 for somer, and so the finiteness
of the H-space need not be violated. For example, the exceptional Lie group
F, has mod 3 cohomology given by

H*(Fy; Fs) = Fs[xs]/(23) ® Aws, 27, 211, 15),

wherezg is clearly primitive ([Borel54]). The rational cohomology is given by
H*(Fy; Q) =2 A(X3, X711, X15, Xo3). The Bockstein spectral sequence mod 3
requiresB(z7) = xs; subsequently the clasé,s is represented by the product

[z7 — 2f].

The E . -term of the Bockstein spectral sequence of a finite H-space is fixed
by Hopf’s theorem. The appearance of even-dimensional primitive elements
in H*(X;F,) forces some nontrivial differentials in the Bockstein spectral
sequence in order to realize this target. The consequences of such differentials
are organized by the phenomenon of implications due to [Browder61].

Definition 10.16.Let A, denote a Hopf algebra of finite type over the finite field
F, and denoteits dualbyt*. Anelement € A,, is said to have-implications

if there are elements; € A,,,:, fori = 0,1,2,... ,r,withzg = 2, 2; # 0

for all 4, and eitherz; 1 = ¥ or there exists an element € A™P" such
thatz;(z;) # 0 andz?(x;11) # 0. An element haso-implications if it has
r-implications for allr.
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Lemma 10.171f A, is a Hopf algebra oveF, that contains an element which
hasoco-implications, therd. is infinite dimensional as a vector space o¥gr

The Hopf algebras that we want to study are the terms of the Bockstein
spectral sequence for an H-space which are, in thiferentialHopf algebras.
Before stating Browder’s theorem aw-implications we collect a few basic
lemmas about Hopf algebras and differential Hopf algebras.

Lemma 10.18. Suppose A, i, A) is a Hopf algebra andc € A, is a
primitive element. Then

A((En) — Z:;O (7’2’) xn—i ® .Ti.

This follows like the binomial theorem for the algebta ® A, using the
fact that the comultiplicatior\ is an algebra map. (We do not need to assume
associativity ofy if we definez™ inductively byz® = 1 andz™ = 2"~ ! - ,
and pay careful attention to parentheses.)

Lemma 10.19.Supposed. is a Hopf algebra over a fielé and A* is its dual.
If x € Asyy, is a primitive element and € A*, thenz” (2") = n!(Z(x))".

Proor: We compute

Thusz"(z™) = n(z" (2"~ 1) - (z)) and so, by induction, we get*(z") =
nl(Z(x))". O

Lemma 10.20.Suppose thatA., i, A, d) is a connected, differential graded
Hopf algebra over the field,, x € A,,, is primitive,z = d(y) for some
y € Aoy, andz € A?™ satisfiest(x) # 0. Sety = d*(z) whered* is the
dual differential onA*. Then(z?~! . 4)(zP~t - y) # 0.

ProoF: First notice thatj(y) = (d*(z))(y) = z(d(y)) = Z(x) # 0 and so
y # 0. We next compute

@@y =A@ ) (e y) = (@ @f)(APTHAWY))
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By Lemma 10.18, we can write

A(zP"HA(y) =

p—1
p—1 —1—i i
:< ( Z, )ﬂ ! ®x> (y®1+1®y+2y;®y;’>
i=0 j

= (xp_l Ry + Z (p— 1);vp_2y;- ® zyj + Stuff) ,

dim y;’:l

where the “stuff” is a sum of tensor products of clasges v wheredeg u #
(p—1)degz ordegv # degj. Since(zP~ ! @) (2P~ ®@y) = 2P~ 1 (2P 1) -
y(y) # 0, it suffices to show thag(zy}) = 0 for y; € A;. Consider

Bla)) = (& () (ay)) = 2(d(2)y] + 2d(s])).

Sincer = d(y), d(z) = 0. Thusd(zy}) = zd(y]). If d(y}) # 0, then there
is an elementv; € A° with d*(w;) # 0. SinceA, is taken to be connected,
w; = a-1forsomen; # 0 € Fy,. Butd*(1) = d*(1-1) = d*(1)-1+1-d*(1) =
2d*(1) and sod*(1) = 0. Thusd*(w;) = d*(a; - 1) = a;d*(1) = 0. This
implies thaty(zy) = 0 for all j. O

Lemma 10.21.1f A, is a differential graded Hopf algebra and € H(A.)
satisfiest? # 0, then for anyy € A, with {y} = z, we havey? # 0. If z has
r-implications inH (A,) for somer < oo, theny hasr-implications inA..

ProoOF: Sincez? = {y}? = {y?} # 0, theny? # 0. We can apply this
argument at each power pf Thus, ifz hasco-implications inH (A..), theny
hasoco-implications inA,. ad

Lemma 10.22.Suppose thatl. is a differential graded Hopf algebra oveét,.
Suppose further that € A,,, is primitive, thatz? = 0, and there is an element
ywith d(y) = z. If {2~ 1y} # 0in H(A,), then itis primitive.

ProOF: By definition, H(A)({zP~'y}) = {A(2P~1y)}. By assumption we
haved(A(y)) = A(d(y)) = A(z) = 1®z+2®1. Thisimplies thatl(A(y) —

-1/p—1
y®1—1®y) = 0. FurthermoreA(zP~1) = Z}lo P

2P g

From elementary number theory we know t?(eﬁ
(3

1> = (—1)" modp, and



472 10. The Bockstein Spectral Sequence
S0 we can write

AxP™ly) = AP A(y)

-1 . . .
= (Z?_O (-1)izP 17" @ x) Y1+12y+ (Aly) —1y—y1))
_ -1 p—1 P=2 N o1 i
P lyel+le erZi:O( iz ® z'y
p—1 . . .
+ o D Tiy @t 4 AP (AY) 1oy —y©1)
= et tewtyrd (L 0w ey

+d(AEP?y)(Aly) ~ 1oy —y© 1))

p—1
=1

It follows that {A(zP~1y)} = {zP 1y} @ 1 + 1 @ {aP"y}. O

The last lemma we need before we state and prove the main theorem of
[Browder61] is a technical fact about the mod 2 Steenrod algebra and H-spaces.
While the previous lemmas followed for purely algebraic reasons, this lemma
requires that we are working with the mod 2 cohomology of an H-space.

Lemma 10.23.1f (X, x0, p) is an H-spaceg € Hs,,(X;F2) is a primitive
elementy € Ho,,1(X;Fy),andz € H?"+1(X;IF,), then(SG™z)(zy) = 0.

ProOF: In terms of the induced operations we can write

(S¢™2)(wy) = (" (SG™2))(2 @ y) = (SE™(172)(w & 1).

We write " (2) = 3, zi ® z;’ and the Cartan formula gives
Sz @ 7)) = Sd(z) @ S (z/).
(o) =) _, Sd(z)®Sq(z)

By the unstable axiom for the action of the Steenrod algebra i dim z/,
thenSd/(z]) = 0, and similarly ifr > dim z]'. Letc = degz}, d = degZ]’.
Thenc+d = 2m + 1 and it follows by examining the solutions ot » = 2m
that

Sq™(z, ® z) = Sdfz, ® Sd' 'z + Sd 7, ® S’

SinceSdz, = (z/)? andz is primitive, (2/)%(z) = 0. It follows that
(Sfz, @ Sd~12/)(x ® y) = 0. Similarly, S¢f'z/ = ()2, a class of even
degree. Sincg has odd degre€z!’)?(y) = 0 and so the lemma follows from
(S¢~'z @ Sd'z)(z @ y) = 0. o
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Theorem 10.24.Supposé€ X, z, i) is a connected, path-connected H-space
of finite type and{B%(X)} is its homology Bockstein spectral sequence. If
x € B3, is a nonzero primitive element and, for some 0, x = d"(y), then

x hasoo-implications.

Proor: We may assume that” = 0, for otherwise we can take, = z?,
also a primitive, withd” (zP~'y) = xP. Thusz; satisfies the hypotheses of
the theorem, and if this process never stops, we have obtained the sequence of
oc-implications ofz. Assumingz? = 0, we will producer; € Bj,,,, such that
2P (z1) # 0foranyz € B?™(X) for whichz(x) # 0. Thex; produced will be
neither primitive nor a boundary, but its homology cldss} € Bgm will be
both primitive and a boundary. By Lemma 10.21 it suffices to check that there
is the 1-implicationr; at the next stage of the Bockstein spectral sequence and
then take a representative i#1.

In the cohomology Bockstein spectral sequence suppose: that32™
satisfiest(z) # 0. Sety = d,.(z). Then

y(y) = (dr(2))(y) = 2(d"(y)) = z(x) # 0.

It follows thaty # 0 and, by Lemma 10.20, th&&?~'3) (2P~ 1y) # 0. Fur-
thermore, ifp # 2, d,. (2P~ 1y) = (p — 1)zP~ 252 = 0. If p =2 andr > 1,

7 = {SE 1) = {SASE™2) = {d(SG™2)} = 0

in By wherez € H?™+1(X;TF,) is such thaf z} = 3. That is, squares of odd
degree classes vanishi®y. If p = 2 andr = 1, then

d(SE"G+79) = 7>+ 5> =0
and, by Lemmas 10.20 and 10.23¢™¢ + z7)(zy) # 0.

We check thatthe clags? '3} (or {SG™y+z7} whenr = 1andp = 2)
is nontrivial in B, 1. Suppose that?~'y = d,.(z). Then

0 # (@ 1g) (@ ty) = do(2)(aP " Ly) = 2(d" (2"~ 1y))
2(a?) = 2(0) =0,

a contradiction. Thug?~1y # d,.(z). Similarly, (S¢™5y + z7) # d1(Z).

To complete the proof we show that the cldgsg€—1y} € B, satisfies
dri1({zP}) = c{zP~ 'y} # 0 whenp # 2 orp = 2 andr > 1. Inthe
casep = 2 andr = 1, we show that the classSq™y + 7y} € B, satisfies
do({z?}) = {S¢™y + zy}. Recalld.(z) = §. Then there is a class
H*™(X;Z/p"Z) such thaf{red; u} = & € B, wherered,: Z/p"Z — Z/pZ
isreductionmog. Letf: X — K(Z/p"Z,2m) represent, thatis,f* (12,,) =
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u whereuy,, € H*™(K(Z/p"Z,2m);Z/p"Z) is the fundamental class. Let
7 = red, (12,,). It follows that

(@) = f*(vedy 22,) = red (f* (12m)) = red,(a) = .

Let f*: B,.(K(Z/p"Z,2m)) — B,(X) denote the homomorphism induced
by f on the cohomology Bockstein spectral sequences.=f d,.(z), then we
have

frm) = £7(dr(2) = dr(f7(2) = dr(Z) = §

and sof; (?~17) = ##~1g. Since{z* g} # 0in Bryy, fi, ({7 10}) =
{zP~1y}. By naturality and the calculation of the cohomology Bockstein spec-
tral sequence fol (Z/p"Z,2m), fr 1(d-+1({77})) # 0 and f} ({?"}) =
{zP} # 0. Thus

dr1({77}) = drn (f1 (7)) = fia (el 710)) = {2715}

The analogous argument mod 2 give${z?}) = {S¢™ 7 + Z7}.

In order to continue the argument, we show that there is an element
By that is primitive with {zP}(v) # 0 andv = d"™(w) for somew.
Consider the element = {z?~'y}. We compute:

{# 3™ ({277 y}) = e{a" g ({2 1y}) # 0.

By Lemma 10.22 is primitive. Also,v = d"*!(w) is primitive. In the
sequence of elements making up tkeimplications ofz we takez; to be a
choice of representative ofin B”. Then,z?(x;) = {zP}(v) # 0, and, since
Z(x) # 0, 1 is the next element in the sequence making upthenplications
for 2. To obtainz,, either taker! if nonzero, or repeat the argument using the
primitive v € By with v = "+ (w). O

Notice that ifz? = 0, then the choice af with Z(z) # 0 was arbitrary in
the construction. It follows front?(z1) # 0 that, if z is a primitive inBj,,
with 0 # d"(y) = x andz? = 0, thenz? # 0 for all z € B>™ with z(z) # 0.

We turn to applications of Theorem 10.24. A spaXeis said to be a
mod p finite H-spaceif it is a connected, path-connected H-space of finite
type for which the mod homology ring is finite-dimensional ovéf,. By
Theorem 10.2, for a moglfinite H-spaceX, B..(X) is an exterior algebra on
finitely many odd-dimensional generators.

A shorthand statement of Theorem 10.24 is the expressiol farmodp
finite H-space,

Imd" N Prim(Heven (X;Fp)) = {0}.

A dual formulation of Theorem 10.24 depends on a fundamental theorem due
to [Milnor-Moore65]:
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Theorem 10.25.If (A4, i, A) is an associative, commutative, connected Hopf
algebra over the field,,, then there is an exact sequence

0 — Prim(€A) — Prim(4) — Q(A)
where¢: A — Ais theFrobenius homomorphismé(a) = aP.

SKETCH OF A PROOF: The reader can check that the theorem holds4fer
monogenic Hopf algebra. For a finitely generated Hopf algebend A’, a
normal sub-Hopf algebra, there are short exact sequences:

0 —— Prim(A’) —— Prim(A) —— Prim(A//A")

QA Q(A) Q(A//A").

We leave it to the reader to show that, Af = £(A), then the mapping
Prim(A4//A") — Q(A//A’) is injective. The theorem follows from the dia-
gram of short exact sequences. ad

SupposeX is a modp finite H-spacez € B>™ is a primitive element and
d.(z) =y # 0. SinceH*(X;F,) is an associative, commutative connected
Hopf algebra, Theorem 10.25 implies thigt primitive of odd degree, is not a
p™ power (2 = 0) and hencg is indecomposable. Thus there is an element
in Bay,+1 With §(y) # 0andy primitive. Theny(y) = d.(Z)(y) = z(d"(y)) =
Z(z) # 0, and sar € By, is a primitive in the image of”. SinceH™*(X;F,)
is a finite vector space, there cannoteimplications, and so the assumption
that there is am € B2™ with d,.(z) # 0 must fail. Thus, the dual version of
Theorem 10.24 for mog finite H-spaces may be written

Im d, N Prim(B2™ ') = {0}, for all m.

From the structure of an exact couple, an element in the image of the
descending homomorphism is always a cycle (Proposition 2.9). In the case of
the Bockstein spectral sequence, the descending homomorphism is reduction
mod p. Thus, for a modp finite H-space, the image atd,.: H.(X) —
H,(X;F,) cannot contain an even-dimensional primitive elementx I&

Im redy. N Prim(Heven (X;TF,)), thend”(x) = 0 for all r and sincer cannot
persisttaB>°, thenz = d*(y) for somes andy. But thenx hasco-implications
andH,(X;IF,) has infinite dimension ovef,,.

A consequence of this discussion is the theorem of [Browder61] generaliz-
ing the classical result of [Cartan, E36] tha{G) = {0} for simply-connected
Lie groups.
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Theorem 10.261f X is a modp finite H-space, then the least > 1 for which
mm(X) @ F, # {0} is odd.

Proor: Consider the mogHurewiczhomomorphisth®[F, : m,, (X)®F, —
H,(X)®F, — H,(X;TF,). This factors throughed,. and takes its image
in the primitive elements. It follows that this mapping is trivial wheris even.
When X is simply-connected, the Hurewicz-Serre theorem for mod
coefficients (Theorem 6.25) implies that the first nonvanishing homology group
H,,(X;T,) is isomorphic viah ® I, to the first nonvanishing homotoyiy,-
moduler,, (X ) ®F,. Since this must happen in an odd dimension, the theorem
holds.
When X is not simply-connected we can argue using the universal cover
X. [Browder59] showed that the universal cover of a mdihite H-space is
again a mog finite H-space. Since,,,(X) = ,,(X) for m > 1, we reduce
to the simply-connected case. a

In developments that grew out of the study of torsion in H-spaces, [Jean-
neret92] and [Lin93] have shown that the first nonvanishing homotopy group
of a mod 2 finite H-space, whose mod 2 homology ring is associative, must be
in degree 1, 3, or 7.

An H-space with the homotopy type of a finite CW-complex is called a
finite H-space The compact Lie groups offer a large class of examples of finite
H-spaces. A guiding principle in the study of such spaces is that the topological
properties of compact Lie groups have their origin at the homotopical level of
structure. That is to say, what is true homotopically of a compact Lie group
G ought to be true becausgis a finite H-space. Hopf’s theorem (10.2) and
Browder’s theorem (10.26) lend considerable support to this principle. That
the class of finite H-spaces is larger than the examples of compact Lie groups
is a result of the development of localization and the mixing of homotopy types
due to [Zabrodsky72]. [Hilton-Roitberg71] used mixing to exhibit examples of
finite H-spaces not of the homotopy type of any compact Lie group.

A major theme in the development of finite H-spaces is the application
of the guiding principle to Bott's theorem (10.1)—¥f is a simply-connected
finite H-space, thet/,.(©2.X') has no torsion.

Under the assumption thaf is a simply-connected finite H-space and
H,.(QX) has no torsion [Browder63] showed thHL (QX) = Heyen(2X),
strengthening Bott's theorem considerably. This paper introduces a family
of spectral sequences based on the natural filtrations on a Hopf algebra that
interpolate between the terms in the Bockstein spectral sequence and enjoy a
particularly nice algebraic expression.

[Kane77] applied work of [Browder63] and [Zabrodsky71] to obtain a
necessary and sufficient condition tHat(Q2X) have ngp-torsion whenX is a
simply-connected finite H-space. The condition is given in terms of the action
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of the Steenrod algebra on the cohomology of the finite H-space:
QUH™™ (X)) = > BPMQUH™1(X;,)).

Notice, in the case that = 2, this condition holds only whet*(X;T5)
has no even-dimensional indecomposables. When 2, P = S¢™ and
BSE™ = S SF™ = S¢™ ", which is the squaring map di#?™+!. [Lin76,
78] established tha®(H°v") = 3, -, AP™Q(H°%Y) holds for odd primes
by extending work of [Zabrodsky71] on secondary operations.

Building on work of [Thomas63] on the action of the Steenrod algebra on
the cohomology of an H-space, [Lin82] established the absengemsion
in H,(QX) whenX is a mod 2 finite H-space anll.(X;F5) is an associa-
tive Hopf algebra. [Kane86] studied the presence-tdrsion in H, (2X) by
using a version of the Bockstein spectral sequence for the extraordinary coho-
mology theoryk(n)* introduced by [Morava85]. Putting together all of these
developments, the goal of generalizing Bott's theorem was realized.

Theorem 10.271f X is a simply-connected finite H-space, th#p(QX) has
no torsion.

The proof of Theorem 10.27 generated a number of powerful methods in
algebraic topology. Accounts of these developments and much more can be
found in [Kane88] and [Lin95].

Other applications of the Bockstein spectral sequer(pg

Away from the study of H-spaces, the results of [Browder61] may be ap-
plied to obtain some general results abHi(2.X; F,). In particular, usingo-
implications, [McCleary87] proved a generalization of the results of [Serre51]
(Proposition 5.16) and [Sullivan73] on the nontriviality Hf. (QX; k) for k a
field.

Theorem 10.28 SupposéV/ is a simply-connected compact finite-dimensional
manifold anddim;, Q(H*(M;k)) > 1, then the se{dimy, H(QM; k) | i =
1,2,...} is unbounded.

The assumption thalim, Q(H*(X;IF,)) > 1 together with the results
over@ of [Sullivan73] force the existence ob-implications on two elements.
The intertwining of theco-implications of these elements in a Hopf algebra
gives a subspace df *(Q2M;TF,) that is isomorphic as a vector space to a
polynomial algebra on two generators. The vector spage, y] has subspaces
]Fp{iblm, x(l—l)myn’ o 71.(l—i)myin’ o 7x'rny(l—l)n’ yn} Whel’emdegsc —
ndegy = lem(deg z, degy). This subspace has dimensiof 1 and so grows
unbounded with.
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This theorem, like Proposition 5.16, implies geometric results about the
geodesics on the manifold/. Under the assumptions of the theorem, the
number of geodesics ol joining two nonconjugate points of length less than
) grows at least quadratically ik

Another place where-torsion makes a key appearance is in the Adams
spectral sequence. Following the discussioiddrB, thetimesp map is de-
tected in the Adams spectral sequence by multiplication by a elgss
Extl! (Fy, F,). ForanA,-moduleM, [May-Milgram81] say that an element
x € Ext4,(M,F,) generates a spikéf = # apz’ andaix # 0 for alli. There
is a single spike ifExt 4,(FF2,F3) as the charts (pp. 443-444) in Chapter 9
show—the picture explains the terminology.

[Adams69] wrote of the Adams spectral sequence, “Whenever a chance
has arisen to show that a differenti&lis non-zero, the experts have fallen on it
with shouts of joy—'Here is an interesting phenomenon! Here is a chance to do
some nice, clean research’—and they have solved the problem in short order.”
The Bockstein spectral sequence interacts with the Adams spectral sequence to
produce differentials that form a coherent pattern. The funcfigs) used in
the statement of the following theorem refers to Lemma 9.45: VWhierodd,
thenT'(s) = (2p—1)s — 1; whenp = 2, thenT'(s) is defined byl’(4s) = 12s,

T(4s +1) =125 + 2, T(4s +2) = 125 + 4, andT'(4s + 3) = 125 + 7.

Theorem 10.29.SupposeX is an(n — 1)-connected space of finite type. For
r > 1, suppose that’. is a basis forB! (X ), the homology Bockstein spectral
sequence. Assume th@t is chosen so that’. = D, U 3, D, U C,;1 where
D,, 8. D,, andC,., are disjoint, linearly independent subsetsiif(X) such
that3.D, = {fB,w | w € D, } andC,.; is a set of cycles with respect th
that projects onto the chosen basis #f!(X). Then

(1) Thesetofspikesif, (X),2 < r < oo, isinone-to-one correspondence
with C,.. If ¢ € C, has degreey andy € E$!'(X) generates the
corresponding spike, theéfi(s) —s+n < g=1t—s.

(2) Ifd € D, andé € E5'(X) ande € EY(X),withv —u=t—s—1,
generate spikes correspondingd@nd g,.d, then

d, (aéé) = aff”s*“e

providedn + T'(i + s) > t.

PrROOF: SinceX is taken to be of finite typef..(X) is a direct sum of torsion
prime top, summands of the forii/p*Z, and summandg whose generators
reduce modp to the elements of’,,. We may use this decomposition to
construct mappings

¢i: X — K(H;(X),1)
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that induce isomorphisms on integral homology in dedrdeet Y denote the
space\/lK(Hi(X),i) and¢ = \/,¢;: X — Y denote the wedge product
of all of these mappings. On homology with coefficientsiy ¢, induces a
monomorphism fronf,; (X)) for all . This gives rise to a short exact sequence

0— H.(X;F,) —» H.(Y;F,) - M, — 0,

whereM, is seento b€D, -, , » Hq(K (H;(X),1);Fp).

Ignoring the contribution to torsion at primes not equal,tere know from
theorems of Cartan and Serre that the dualffis A(0)-free §9.6), that is,
the Bockstein homomorphism awdU@ as a differential, is exact. We next
examine the long exact sequencekdft groups associated to the short exact
sequence:

= Exti M MM E,) — B3(X) - E3(Y) - Extyl (M E,) — .

Lemma 9.47 implies thaExt’; (M2, T,) = {0} when0 < s < ¢ <

n + T(s). It follows that E5"(X) — E3*(Y) is onto in this range and an
isomorphismwher > 2 and0 < s < t <n+ T(s — 1). By the naturality of

the Adams spectral sequence, that it suffices to examine the case of Eilenberg-
Mac Lane spaces to prove the theorem. We leave it to the reader to show that
a factor of K (Z/pZ, i) introduces a single copy @, that persists t&F..; a

factor of K (Z/p*Z, 1) introduces a pair of spikes &k, on generators andy

with dy (a}2) = a'**y, leaving a basis ofaly | 0 < i < k} at E.; finally, a

factor of K(Z, i) introduces a permanent spikelaf. O

This argument requires that spikes have the right Adams filtration to work.
Spikes inE>(X') could be generated by elements lying in lower filtration degree
than in the range of the isomorphism. Such generators might have nontrivial
differentials earlier than predicted by the theorem. Such differentials could
occur on the bottoms of spikes whose top parts survivg.tg X).

Plugging this argument into a dual setting via Spanier-Whitehead duality,
[Meyer98] has used the resulting differentials to compute certain cohomotopy
groups and these groups force Euler classes associated to geometric bundles to
vanish. These data imply an estimate of certain numerical invariants of lens
spaces. Let

vp2(m) = min{n | there is & /pZ-equivariantf : L*™~*(p) — S**~'}.

Here the action of/pZ on L?™~1(p) is induced by the multiplication by a
primitive root of unity of ordep? onC™ and onS?"~! by the standard action.
The estimates of [Meyer, D98] generalize work of [Stolz89] at the prime 2.
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10.2 Other Bockstein spectral sequences

Consider the cofibration sequence

T

r B
Sn—l N Sn—l N Pn<7ﬁ) L Sn N Sn
whereP"(r) = S"~! U, e™ is amodr Moore space anddenotes the degree
map onS™~!. Following [Peterson56], these spaces may be used to define the
mod r homotopy groups
(X3 Z/rZ) = [P"(r), X].
The properties of cofibration sequences lead to an exact couple

r

\ A

(X Z)r7)

and hence a Bockstein spectral sequence, denoteBhyX ), with , BL(X) =
m(X;Z/rZ). Whenr = p, a prime, the spectral sequence converges to
(m(X)/torsion ® T, for X of finite type. (Some care has to be taken when
p = 2 becausers(X;Z/27Z) need not be abelian.) This spectral sequence was
studied by [Araki-Toda65] for applications to generalized cohomology theories,
by [Browder78] for applications to algebraic K-theory, and by [Neisendorfer72]
for its relations to unstable homotopy theory.

Among the properties of the Moore spaces is the following result of
[Neisendorfer72]. The proof requires careful bookkeeping in low dimensions
(for details see the memoir of [Neisendorfer80]).

Proposition 10.30. If m, n > 2 andr, s are positive integers for which
d = ged(r, s) is odd, then there is a homotopy equivalence:

Qmon s P™T(d) v PPN (d) — P™(r) A P(s).

Whenr = s = p, an odd prime, this homotopy equivalence may be used to
define pairings on mog homotopy groups. In particular, givehr P™(r) —
X andg: P"(s) — Y, we can use the canonical injection, — (z,x*),
P™(d) — P™n(d)v Pt (d) to obtain a mapping™ " (d) — XAY
as the composite

A
P (d) — PH(d) v P (d) - Py A PT(s) b X A Y.
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Amappinge: X A\Y — Zinduces a pairing.,,(X; Z/rZ)@m,(Y; Z/sZ) —
Tm+n(Z;Z/dZ) and this pairing folX = Y = Z = BGI(A)™ was developed
by [Browder78] to study the algebraic K-theory with coefficients of a ring
via the homotopy Bockstein spectral sequence.

When(G, u, €) is agrouplike space that is,G is a homotopy associative
H-space with a homotopy inverse (for example, a based loop $pagethen
the commutator mapping |: G x G — G, givenby(z, y) — (xy)(z~1y=1),
determines amappirg |: GAG — G, since, up to homotopy, the commutator
mapping restricted t6; v GG is homotopic to the constant mappingetoThis
mapping may be applied to the homotopy group& efith coefficients to define
a pairing ford = ged(r, s):

[, ]: 7 (G Z/7r7) @ mn (G 7/ ST) — Tompn (G Z/dZ).

The pairing is given by the composite

in L
PH(d) — PR (d) v PPL(d) — P(r) AP (s)-h G A G —5G.

The pairing induced on homotopy groups by the commutator mapping is the
Samelson product. The properties of the generalized Samelson product for ho-
motopy groups with coefficients are extensively developed by [Neisendorfer80].
In particular, we have the following result.

Proposition 10.31.If r = s = d, ged(r,6) = 1, and G is a 2-connected,
grouplike space, then, (G;Z/rZ) is a graded Lie algebra.

Whend is grouplike, H..(G;Z/rZ) is an associative algebra and hence
enjoys a Lie algebra structure given by w] = zw — (=1)1#1*lwz. The
Hurewicz maph.: 7.(X;Z/rZ) — H.(X;Z/rZ), is induced byh. ([f]) =
f«(y), wherey € H,,,(P™(r); Z/rZ) is the canonical generator. This map-
ping for r = p, an odd prime, induces a mappind!(X) — BL(X),
where{B:(X), d*} denotes the mog homology Bockstein spectral sequence.
[Neisendorfer72] showed that both the homotopy and homology Bockstein
spectral sequences are spectral sequences of Lie algebpas fdrand that the
Hurewicz homomorphism induces a Lie algebra homomorphismiBdterms
for all s.

Itis possible to develop the properties of differential Lie algebras by anal-
ogy with the development of differential Hopf algebras for the Bockstein spectral
sequence. This development makes up the first few sections of [Cohen-Moore-
Neisendorfer79], especially applied to the case of free Lie algebras. These
results may be used to study the spdeé¥' (p") andQF™ (p"), whereF™ (p")
is the homotopy fibre of the pinch m&* (p") — S™, defined by collapsing the
bottom cell. The main results of [Cohen-Moore-Neisendorfer79] are homotopy
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equivalences between the sp&tB™(p") (suitably localized) and products of
countable wedges of known spaces whose structure may be read off the behav-
ior of Bockstein spectral sequence. A similar result hold<ét* (p"). The
comparison of the homotopy and homology Bockstein spectral sequences via
the Hurewicz homomorphism allows one to obtain representative mappings that
go into the construction of the homotopy equivalences. Finally, the decomposi-
tions are used to establish the inductive argument that goes from the theorem of
[Selick78], thatp annihilates the-component,, m;(S*) for k # 3 andp > 3,

to prove the following result.

Theorem 10.32If p > 3, andn > 0, thenp™*! annihilates, (52" 1), for
all k£ > 2n + 1.

The final generalization of the Bockstein spectral sequence that we present
is best framed in the language of spectra and generalized cohomology theories.
If X is a spectrum ang: X — X is a selfmap of degrek, then we can form
the cofibre off in the category of spectra and obtain an exact couple:

*

N/

[W, cofibref)]

The mappingf may be thought of as a cohomology operation 8ftIX] =
X*(W) as the value of the associated generalized cohomology thediy.on
If X = HZ, the Eilenberg-Mac Lane spectrum for integer coefficients, and
represents themesp map, then the cofibre represents the Eilenberg-Mac Lane
spectrumALF, and we obtain the usual Bockstein spectral sequence.

Let k(n)*( ) denote the generalized cohomology functor knowea@s
nective Morava K-theory (see the work of [Wirgler77] for the definition and
properties). This theory has certain remarkable properties:

(1) k(n)*(point) = F,[v,] wherev,, has degree-2p™ + 2.
(2) k(n)*(W) has a direct sum decomposition into summafigle,,] and
Fplon]/(vy)-

Property (2) is analogous to the result for a finitely generated abelian group
modulo torsion away from a primgwhere the summands afeandZ/p°Z.
We choose the mapping of the representing spectrum for Morava K-theory that
induces thdimesv,, map. The cofibre is represented By, and the exact
couple for a finite H-spac& may be presented as

k(n)*(X) e k(n)*(X)
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wherep,, is modwv,, reduction. The Bockstein spectral sequence in this case
hasB; = H*(X;F,) and the first differentiali! is identifiable with@,,, the
Milnor primitive in 4948 ([Milnor58], [Kane86]). The limit term B, is given

by (k*(n)(X)/vn-torsion) ®g, (] I, Thew,-torsion subgroup of(n)*(X)
consists of elements annihilated by some powaer,0f[Johnson, D73] identi-

fied this spectral sequence with an Atiyah-Hirzebruch spectral sequence (Theo-
rem 11.16). It follows from this observation that the spectral sequence supports
a commutative and associative multiplication. [Kane86] developed many prop-
erties of this spectral sequence for the prime 2 including a notion of infinite
implications that played a key role in a proof of Theorem 10.27. [Kane86]
conjectured that, for a moal finite H-space( X, 1, e), the Bockstein spectral
sequence for Morava K-theory should satisfy the following two properties:

(1) The even degree algebra generator&/6f X ; F2) can be chosen to be
permanent cycles i,

(2) Indegrees greater than or equato!, the even degree generators can
be chosen to be boundarieshh.

If these conjectures were to hold, a simple proof of the absen2aaybion in
H,.(Q2X) for a mod2 finite H-space( X, u, e) would be possible (as outlined
by [Kane86]).

Exercises
10.1 Show that the condition7°4(QG; k) = {0} for all fields k, implies that
H*(QG) is torsion-free.

10.2 Prove thata commutative, associative Hopf algebra over afield of characteristic
zero that is generated by odd-dimensional generators is an exterior algebra.

10.3 From the structure of/*(RP"; ) as a module over the Steenrod algebra,
determine completely the mod 2 Bockstein spectral sequendeRar.

10.4 The mod 2 cohomology of the exceptional Lie graip is given by
H*(Ga; Fy) = Fo[wg, 5]/ (23, 23).

The rational cohomology of?s is given by H*(G2; Q) = A(X3, X11). From

these data determine the mod 2 Bockstein spectral sequenGg for

10.5 Prove Proposition 10.8 and Lemma 10.9.

10.6 Prove the analogue of Corollary 10.14 f(Z/2*Z, n).

10.7. SupposeX is an H-space and: X — X a covering space oK. Then

X is an H-space and a multiplicative mapping. Use the Cartan-Leray spectral
sequence (Theorenp§.9) which is a spectral sequence of Hopf algebras in this
case to prove that i is a modp finite H-space, thetX is a modp finite H-space
([Browder59).
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10.8 Show that ifA’ is a normal sub-Hopf algebra of the Hopf algebtathen
there is a diagram of short exact sequences:

0 —— Prim(A’) —— Prim(A) —— Prim(A//A")

QA" Q(4) Q(A//A").
Use this fact to give a complete proof of Theorem 10.25.

10.9 Show that the universal examplesis{Z/p*7, n), for k > 0, andK (Z, n)

lead to the spikes and differentials in the Adams spectral sequence as predicted by

Theorem 10.29.

10.10Q Suppose thad! is compact, closed manifold (or more generally a Poiacar”

duality space). IfM has dimensiodm + 1, then prove the following result due
to [Browder62']: either (1)Ha,,, (M) =2 F & T & T, whereF is a free abelian
group andT" is a torsion group, or 2Hs,,(M) X F & T & T & Z/27Z and in
this caseSGF™ : H>"+1(M;Fy) — H*™+1(M;T,) is nonzero.



